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PREFACE. 



In presenting this volume to the public, the author 
begs leave respectfully to remark that his object is to 
offer a work that would materially lighten the labor of 
the instructor, and facilitate the progress of the pupil. 
The experience of twenty-five years in teaching the 
Mathematics has convinced him that the science of Al- 
gebra is the most difficult branch that the student en- 
counters. It is commenced before the mind has had 
much previous training ; the language is new to him, 
and he requires, therefore, all the light that ingenuity 
can shed upon it to insure him permanent success. 
In the following pages the subject is handled in a plain 
and familiar manner. The spirit of the recitation-room 
has been embodied, as far as it was possible, in order 
that the science might be made attractive and inter- 
esting to the youthful mind. 

If the attainment of a good style in literary compo- 
sitions is to be reached by following the example of cor- 
rect and polished writers, the same remark is true in 
reference to analytical compositions. A good style is 
always to be sought for ; it is always preferable to a 
loose, obscure, or an inelegant one, let the subject be 
what it may. How far the author has succeeded in 
imparting a correct style is left to the candid criticism 
of impartial judges. 



VI . , PREFACE. 

He offers no apology for the appearance of his ** In- 
stitutes," conscious that no apology is needed. If he 
has presented the science of Algebra in a way that will 
promote its study, or advance the interest of scientific 
education, apology would be unnecessary. If he has 
not — ^if his work is found wanting in any essentials — 
no prefatorial apology would be accepted as an excuse 
for so grave an error. 

He may be permitted to remark further, that this 
volume embraces all that is necessary for a collegiate 
course. To give more than this was not his object; 
still far less was it his intention to fall short of this limit 

There are already many valuable treatises on Alge- 
bra, which contain matters essential to the mathema- 
tician, but which can not be taught in the time devot- 
ed to an undergraduate course of education. A work, 
therefore, that shall contain the requisites for such a 
course, elaborately executed, has been demanded, and 
the present volume is offered to the scientific public as 
constituting that work. 
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ELEMENTS OF ALGEBRA. 



DEFINITIONS. 

{Art, 1.) Algebra may be considered as a language 
of symbols. Its nature is such that it may be applied 
to any branch of science, provided the principles of 
the science to which it is applied are understood. Its 
great utility consists in the generality of its operations, 
and the comprehensiveness of its formulas. 

(2.) Grenerally, known quantities are represented by 
the first letters of the alphabet, as a, 6, c, &;o., and 
unknown quantities by the final letters, as Xj Pj z^ 
&c. The other symbols are, 

(3.) + plus, signifying addition. 

— minusy denoting that the quantity to the right is 
to be subtracted firom that on the left qf it. 

These signs always affect the quantity that follows 
them, and are to be interpreted in a contrary sense; 
that is, {{plus signifies upward, forwardy to the right, 
gain, addition, time future, &c., then minus is to be 
interpreted downward, backward, to the left, loss, sub- 
traction, time past, &c. 

(4.) The sign X is called the sign of multiplication, 
and when placed between two quantities, denotes that 
they are to be multiplied together. The multiplica- 
tion of quantities may also be indicated by placing a 
point between them. 

A2 



10 ELEMENTS OF ALGEBRA. 

(5.) When the quantities are represented hy letters, 
the usual mode of indicating their product is to write 
the letters one after another in alphabetical order, with- 
out interposing any sign or point between them. 

(6.) In the product of several letters, as abc, each 
letter is called a literal factor, 

(7.) There are three signs by which division is des- 
ignated; these are a-r-ft, -, and alb, each of which de- 
notes that a is to be divided by b. 

(8.) The sign of = is read equal to, and when placed 
between two quantities denotes that they are equal to 
each other; thus, 20—5=15, 
is rcEui twenty, minus five, is equal to fifteen. 

Also, a+b^c—d, 

indicates that the sum of a and b is equal to the dif- 
ference between c and d, 

(9.) The sign of inequality is expressed by > or <, 
and is used to denote that one quantity is greater or 
less than another. 

Thus, 9>5 is read 9 is greater than 5, and m<^n is 
read m is less than n ; the opening of the sign being 
turned toward the greater quantity. 

(10.) These dots .*. are used to denote therefore, and 
00 iniSnity. Other symbols are employed which will 
be explained in their proper places. 

(11.) If a quantity is added to itself several times, as 

a+a+a+a, 
it is usually written but once, and a figure is then 
placed before it, to show the number of times it is 
taken; thus. 
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The number 6 is called the coefficient of a, and de- 
notes that a is taken six times. 

In the expression 6aa;, the number 6 may be called 
the coefficient of ax^ or the quantity 6a may be re« 
garded as the coefficient of x. Therefore, 

A coefficient is a quantity placed before another 
quantity, to show the number of times the latter quan- 
tity is to be taken. It also denotes one more than the 
number of times the quantity is added to itself. When 
no coefficient is written, the coefficient one is always 
understood. 

(12.) If a quantity be multiplied by itself a number 
of times, as aaaaaa^ 

the product is usually expressed by writing the letter 
once, and placing a number to the right of and a little 
above it ; thus. 

The number 6 is called the exponent of a, and de- 
notes the number of times which a enters as a factor. 
Hence the exponent of a quantity shows the num- 
ber of times the quantity is taken as a factor. It also 
indicates the number of times, plu$ one, that the quan- 
tity is to be multiplied by itself. When there is no 
exponent expressed, the exponent 1 is always under- 
stood. 

(13.) The product arising from multiplying a quan- 
tity by itself any number of times is called the power 
of that quantity, and the exponent denotes the degree 
of the power. Thus, 

a^=a is the first power of a, 
a*=^aa is the second power of a, 
a*=aaa is the third power of a, 
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J:2 ELEMENTS OF ALGEBRA. 

in which the exponents of the powers are 1, 2, 3, and 
the powers themselves are the results of the multipli- 
cation. 

(14.) The root of a quantity is a quantity which, 
being multiplied by itself a certain number of times, 
will produce the given quantity. 

^"" is called the radical sign, and when prefixed to 
a quantity, indicates that its root is to be extracted. 

Thus, v/a denotes the square root of a, 
ya denotes the cube root of a. 

The number placed over the radical sign is called 
the index of the root. These expressions may also be 
written thus : 

c^ denotes the square root of a, 
I 

a? denotes the cube root of a, 

a? denotes the cube root of the square of a, 
(15.) The reciprocal of a quantity is unity, divided 
by that quantity. Thus, 

- is the reciprocal of a, 

and — is the reciprocal of y 

a ^ b 

(16.) When a quantity is written by means of let- 
ters and signs, it is called an algebraic quantity. Thus, 

5a is an algebraic quantity or expression denoting 
five times the quantity represented by a, 

3a'6' is an algebraic expression denoting that three 
times the cube of a is to be multiplied by the square 
of*. 

(17.) A monomial or term is a single algebraic ex- 
pression, as 2«, 3^, 10a'6V\ 
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(18.) A polynomial is an algebraic expression con- 
sisting of two or more terms connected by the signs 
oi plus or minus f as 

Ic^—bbc and 5aa;-f-36c+7rf. 

A polynomial composed of two terms is called a 
binomial^ and a polynomial of three terms is called a 
trinomial, 

(19.) The numerical value of a polynomial is the 
number obtained by giving a particular value to each 
of the different letters which enter it, and performing 
the arithmetical operations indicated by the signs. 
This value is not affected by changing the order of the 
terms, provided the signs of the terms remain un- 
changed. 

Examples. 

1. Find the numerical value of the polynomial 

when a=3, 6=2. Ans, 25. 

2. Find the numerical value of the polynomial 

(a'+aft-f 6") (a+6-c), 
when a=4, 6=3, c=2. ^ Ans, 185. 

3. Find the numerical value of the polynomial 

{ac-ab-\-bi^) (a^-Vab^-V), 
whan a=4, 6=3, c=2. Ans. 74. 

4. Find the numerical value of the expression 

ab—ac-^rbc^ 
when a=4, 6=3, c=2. Ans, 2jV« 

5. Find the numerical value of the expression 

a-fft a—c a^b 

— ! 1 

a—c b+c a-^V 
when a=4, 6=3, c=2. Ans, 3f J. 
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(20.) The terms of a polynomial which are preceded 
by the sign + are called additive terms, and those 
preceded by the sign — are called subtractive terms. 

When the first term of a polynomial is plus, the 
sign is generally omitted ; and when no sign is ex- 
pressed, plus is always understood. 

(21.) Each literal factor which enters a term is call- 
ed a dimension, and the number of dimensions con- 
stitutes the degree of the terra. Thus, 

la is a term of one dimension, or of the first degree. 

lab is a term of two dimensions, or of the second 
degree. 

(22.) The degree of a term is determined by taking 
the sum of the exponents of the letters which enter the 
term. Thus, 
ba^Vc^d is of the eighth degree, since 3+2+2+1=8. 

(23.) A polynomial is said to be homogeneous when 
all its terms are of the same degree. Thus, 

5a— 26+3c is a polynomial of the first degree, and 
homogeneous. 

7a' + 36c— 56'+ 6c' is a polynomial of the second de- 
gree, and homogeneous. 

7a' + 36c— 56+ 6c is not homogeneous. 

(24.) A vinculum , or a parenthesis ( ), is used 

to express that all the terms of the polynomial con- 
tained under or within it are to be considered as one 
quantity, and taken together. Thus, 

(a+6-c) (3a-26+c), 
denotes that the trinomial within one parenthesis is to 
be multiplied by the trinomial within the other. 

The vinculum is placed under the polynomial when 
the polynomial is the numerator of a fraction. Thu9^ 
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4b'-3cd 
2d ' 
denotes that the difference between four times the 
square of 6, and three times the product of c and dy is 
to be divided by twice b. 

The vinculum is sometimes placed vertically. Thus, 

-56 
+ 6c 
is the same as 

{^a-5b+6c)z. 
(25.) Similar terms are those which are composed 
of the same letters affected with the same exponents. 
Thus, in 

9a'6-3a'+15a'6+14a'+56VW+76Vd', 
the terms 9a*b and +15a*b are similar, and the terms 
— 3a' and +14a' are similar; but 

Sb'c'd and 7b*cd' 
are not similar; for, although they are composed of the 
same letters, yet the same letters are not affected with 
the same exponents. 

(26.) When a polynomial contains several similar 
terms, it may be reduced to a simpler form. Thus, 
9a'b-Sa*+15a'b+Ua'^2^'b-hlla\ 
For, by (Art. 19), we may arrange the polynomial 
in this form, 

9a'6+15a'6+14a«-3a' ; 
but 9a*b-\-15a*b reduce to 24a*6, and 14a' -3a' to 
lla*. Hence 

9a'6+15a'6+14a'-3a'=24a'ft+lla'. 
Therefore, for the reduction of similar terms of a 
polynomial, we have the following? 
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Rule. 

(27.) Add together all the coefficients of the addi- 
tive terms; form a single suhtr active term in the 
same manner. Then subtract the less coefficient from 
the greater y and to the remainder prefix the sign of 
the greater coefficient, and annex the literal part. 

In the reduction of similar terms, the coefficients 
are the only quantities that are affected. 

When the sum of the additive terms is equal to the 
sum of the subtractive terms, they cancel each other. 

Examples. 

1. Reduce the polynomial 

Sa'b-ab*-2ab*+3ab^ 
to its simplest form. Ans. 3a*b. 

2. Reduce the polynomial 

5a'b-]-3a'bc-7ab + 17 ab-^2a'bc-6a'b 
to its simplest form. Ans, 5a^bc—a*b-{-10ab. 

3. Reduce the polynomial 

Sx-2x+3y'-7y+2x-2x+4y 
to its simplest form. Ans. 0. 



CHAPTER I. 

ADDITION. 

(28.) Addition in Algebra consists in connecting 
quantities together by means of their proper signs, and 
reducing the similar terms. 

Rule. 

Write the quantities to be added so that one simi" 
lar term shall fall under another. 

Reduce the similar terms, and to the result annex 
those terms which can not be reduced, giving to each 
its particular sign. 

Examples. 

1. Add together the polynomials 

9a;y— 46c-f7a;', Axy—bc+Sx*, xt/—7bc+4:X*+d^; 
writing them so that one similar term shall fall under 
another, we have 

9a;y— 46c+ 7a;' 
4a;y— bc-h 3a;' 
a;y— 76c+ 4a;'-frf' 

14a;y— 126c + 14a;' +cP sum required. 

2. Add together the polynomials 
17a*b'+9a*b-3a% -14a*6'+7a'~9a', -15a'6+7a*ft' 

writing them so that one similar term shall fall under 
another, we have 
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17a'b*+ da'b-Sa* 

7a'b''-15a*b - a' 
lOa'b*-" 6a'6+4a'~10a' 

3. Add together the polynomials 2a; 4- 3a, 4x+a^ 
5x+8a, 7a;+2a, and x+a. Ans. 19a;+15a. 

4. Add together Iz^—Sbc^ 3a;'— 6c, a;'--46c, 5a;'— 6c, 
and 4a;'— 46c. Ans. 20a;'— 156c. 

5. Add together 7a'-3a'6 + 2a6'-36', aV-cfh 
-6'+ 4a', -56'+5a6'-4a'6+6a', and -a'6-h4a6' 
-46'+a'. Am, 18a'-9a'6+12a6'-136'. 

6. Add together 2a;'y — a; + 2, a;'y — 4a;-h3, 4a;'y 
-3a;+l, and 5a;'y-7a;+7. Am, 12a;'3^-15a;+13. 

7. Add together 2a6*-18a'6 + 6a'6'-8a6* + 7a'6 
-5a'6'-5a'6+6a6*+lla'6'. Ans. 12a'6'-16a'6. 

8. Add together 3a; — y— 6^— 115rf — 9w, 6z— 5m 
"d+en-Si/, 3y-2a;-3z + 27/i+llm, 3»-7w+6a; 
-8z+9rf, and 17z-6a;-7y-2rf-5». 

Am. 62r-8y-109rf+31»-10w. 

9. Add together 5a'-3a;'+3y, 4a'-a;'+4y, a'— 73;" 
+7y, 7a'-a;'+y, 8a'-9a;'+93^, and 7a'-lla;'+y. 

Am. 32a'-32a;'+25y. 

10. Required the sum of 4a;'— 3a;+4, a;— 2a;'— 5, 
l+3a;'-5a;, 2a;-4+7a;', and 13-a;'-4a;. 

Am. lla;'-9a;+9. 

11. Add together 4a;'— 2a;+y, 4a;— y— a;', 9y+7a;' 
-a;, and 21z-2t/+9z\ Am. 19a;'+22a;+7y. 

12. Add together 4a;'-3a;y+3y-3-3a;', 5y'+5a;' 
-3a;'+3a;y4-5y, 30+6a;'+2a;-3y'-2a;', and 2a;'-8 
— 5a;y— 7y— 2^*. 

Am. 7x*-5xp+y+19+Slp'+2x. 
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13. Add together Ga'b'c 6adx' + 17 a% Sa'b'c 
—16a*x—9adx*, and 16acte'— a*a;— 8a'6'c. 

Ans. a^b^c-hadx*. 

14. Add together 2a*+3ab+8c^+(P, 5a'--7a6+5c' 
-cP, and 4a6-2a'+3c'+30. 

Ans. 5a^'hl6c'+(F-(F+30. 

15. Add together 2a*x-Sabc^+2b'-3a\ 3b'-2a*x 
-ha'-Sc*, 4c' -2b' -hSabc^ +100, and 20abc'+16a'x 
-bc-80. Ans. l^o\y. ^ t v^ ^ ^ w ."? ; ^ - ^>^ 

16. Add together 8a'-10a'b-16a'b'+4:aV-12a*b 
+15a'b'+24a'b'-6ab'-16a'b'+20a'b'+32ab'-8b\ 

Ans. 8a'-22a*b-17a'b'+48a'b'+26ab*-8b\ 

17. What is the sum o{8ax+5ab+3a''b'c% 6a'-18aa; 
+10ab, and 10ax-15ab-6aVc'l 

Ans. 6a'— 3a'ftV. 

18. Add 3x'^i/+d, 4a— a;— 3y, 5xy+7ax+p^, 3e»^;: 
— 2a;y+4a;', and 5f/+2d+5x. 

Ans. 7x+t/+3d+3xi/+10ax+4a+p''+4x\ 

(29.) When quantities with literal coefficients are 

to be added together, such as 

ax, bx, ex, aT^y, bx^y, cafy, &o., 

it may be done by placing the coefficients of similar 

quantities one after another, with their proper signs 

under a vinculum, or in a parenthesis, and then con^ 

nect them to the common quantity by the sign of muU 

tiplication. Thus, 

Ex. 1. What is the sum of ax+by+cdz, bx-^dy+ez^ 

and cx+ey+fz? 

ax+by+cdz 

bx+dy+ez 

cx+ey+fz 

{a+b+c)x+{b+d+e)y+{cd+e+f)z. 
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Ex. 2. What is the sum of ax*+bx^+cx, and ex^ 
-da^-fxl 

We shaU have j <^+f>f+f 



{a+e)x'+{b--'d)x'+{C'-f)x. 
Ex. 3. What is the sum ofpx^+qx^ rx*+$Xj —ma? 
— nx, and nx^-^rmx ? 

Ans. (j!?+r— w+«)a;'+(^+5— w+m)x. 
Ex. 4. Required the sum of «a;*— te'+ca;', bcx* 
—acx^+c^x^ and ax^+c—bx, 

Ans. ax'^'-'{b+ac)x*-\-(c+bc-\-a)x^'\-(c^—b)x+c. 
Ex. 5. Required the sum of 4a;'+7(a+6)% 4y* 
-5{a+b)\ and a'-4a;'-3y»-(a+ft)'. 

Ans, a"+y*+(a+6)Vi. 
Ex. 6. What is the sum of aa;'+te+cy, a'x^—b'x 
+c% and a"x'+b"x-c"y? 

Ans. (a+a'+a")x'+{b-b'+b")x+{c+c'''C")y. 



SUBTRACTION. 

(30.) Subtraction in Algebra consists in finding the 
difierence between two algebraic quantities. 

Let it be required to subtract 3a from 8a, the re« 
suit will be 8a— 3a=5a; 

and if 6— c is to be subtracted from a, the result will 
be a— (ft— c), 

which is equal to a—b+c. For, since it is the differ- 
ence between b and c that is to be taken from a, it is 
evident that if we subtract b from a, the remainder, 

a— ft, 
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is too little by the number of units contained in c / 
we must therefore add c to that remainder, in order to 
make it correct. 

This will appear more evident from the following : 
thus, if it were required to subtract 9 from 12, the 
difference is 12—9=3; and if 9— 3 were taken from 
12, it is plain that the reniainder would be greater by 
3 than if the whole number 9 were subtracted ; that is, 

12-(9-3>= 12-9+3=6. 

(31.) Hence we have, for the subtraction of alge- 
braic quantities, the following general 

Rule. 

Change the signs of all the terms in the subtrO' 
hendy or conceive them to be changed^ and proceed as 
in addition. 

Examples. 

1. From 18rcy subtract ISxy. Here, changing the 
sign of ISxpf it becomes — 13a;y, which being con- 
nected with 18zp with its proper sign, we have 

18xy—13xi/={18—13)xi/=5xt/, Ans. 

2. From l&cy subtract —12xt/, 

Changing the sign of — 13a;y, it becomes +13a;y, 
which being connected to 18a;y with its proper sign, 
we have 

18a;y+13a;y=(18+13)a;y 
=31rcy, Ans. 

3. From 24a'ft'+17c'cP subtract 15aW-5c'cP, we 

have 

24a'6'-rl7c'ef 
15a'6'- 5g*ef 

9a'b'+22c'd'. 
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Note. It is best not to change the signs, but oon- 
oeive them to be changed only. 

4. From 5a + 66-c+3rf subtract 2a-36+2c-d 
+e-f. 

2a-2b+2c'- d-he-f 







3a+9Z>-3c-f-4^-c+/, Ans. 


6. 


From 


7a*bc-3ab'c+ 8b'c 




Take 


I2a'bc +116V 


6. 


From 


az+by +CZ +ax7/z 




Take 


a'X'\-b'y'\-c'Z'{'a'xyz 



(a'-a')x-^(b—b')y-\-(C'-c')z'\'{a—a')xyz^ Ans, 

(32.) As quantities in a parenthesis are considered 
as one quantity with respect to other symbols (Art. 
24), the sign prefixed affects them all. When this 
sign is negative^ the signs of all those quantities 
must be changed in putting them into the parenthesis 
or in taking them out of it. 

7. From ax^—bx^-^-cx take 6a;'— cx'+cte, we have 
arc' — bx* + cx—{bx^ — ex* + dx)=^ax* — bx* + cx — b3f 

+cx*—dx; 
or, by changing the order of the terms {Art. 19), 
ax* — bx* — ba^-^cx^ + cx — dx^^^a^ b)x* — {b^c)x* 

-\-{c—d)x. 
When —ex* is subtracted from —bx*, the result is 
—bx*+cx*^ or —{b^c)x*j because the sign minus pre- 
fixed to (6— c) changes the signs of b and c. 

8. From bx'+qaf—rx-^-py* take ax*'-cx*+mx—sy*. 
If we write the quantities so that one similar term 

shall fall under another, we have 
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ax^— coi?-\-mx—8i^ 

(6— a)a;'+((2'+c)a;'— (r4-w)a;+(j3+5)y'. 

When ■\-mx is subtracted from — rx, the result is 

—rx^mx; and as this means that the sum of rx and 

and mx is to be subtracted^ that negative sum is to be 

expressed by 

^(rx-\-mx) or — (r+w)a:. 

For the same reason, if from a we subtract the poly- 
nomial mi^-^ny^—aby^'-ry*^ we shall have 

a— (wy'+wy*— afiy'— ry*)=a--(m+w— aft— r)y*; 
or 
a--{my^+ny^''aby^'-ry^)=^a'-mt/^'--ny^+aby^+ry^. 

9. From 56-3a+2c+5 

Take -26-8a+7c4-7 






10. From 6a6— 3a;y+4a;2r 

Take 2ab-\ -6xZ'{-2xy 

- -11. From a;"+3a;V+3a;y'+/ 
Take a;'-3a;V-f3a;y'~y' 

^r'^ -i-2(/^ Ans. 
- 12. From 3a -176 -106+ 13a -3a 
Take 66- 8a-/^6- 2a+3a 

/7^"- 3 3 It-/- z'Tz-'^ cuAns. 

13. Froma;«-2xy+y«+(a;'*-y')+2(a;y-y') 

Take af+2xy'-y'+{x'-y*)'-2{xy-/) 

.^y^ci-'XsA ^ lilxc^-cfijAns. 

14. From2a'+ aa;+ a;'-12aV+20aa;'- 4a;'+6aV 
Take -a'-3aa;-2a ;*+16aV-H2aa;'-12a;'+2aV 
Arts, 3'^%ViW ^ e-ildV^'"^ /^^V^ X^H-*- -' 
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15. From ax*+bxy+cy^ 

Take dx^—hxy-^-h y^ 

Ans^ 



16. From (a:+y)\/x'+y'+(a+ft)(a+6)' 
Take (x+y) Va;'+y'--(g+6) {a+by 

3.(^ + Am. 

17. From wVx'-2pa:+^' 
Take pVa;'-2ra;+cg* 

18. From a'xY-m^x'+Scx -4a:*— 9 
Take aVy'-nV + c*x+bx*+S 

Ans. 

19. From ax* +te" +ca; +rf 
Take a'x'+b'x'+c'x+d' 

Ans. 

20. From a(a;+y)+c(a;— y)— ftxy 
Take 4(a:-!-y)— 7(a;--y)— cxy 

iln5. 

(33.) By using the parenthesis we may make poly- 
nomials undergo several transformations, which are of 
great utility in various algebraic calculations. Thus, 

a»-3a'6+3a6'-6«=a»-(3a'6-3a6'+6') 

=a'-6'-(3a'6-3a4*) 
=a'-]-3ab'-{3a'b+b') 
= -(-a*+3a'6-3a6'+6'). 

(34.) Addition and subtraction in Algebra do not 
always mean increase and diminution respectively; 
for the algebraic sum of 4-a and —6 is equal to a— iy 
and the algebraic difference is equal to a+b. 



1 
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MULTIPLICATION. 

(35.) Multiplication may be divided into three cases : 

1. When the multiplicand and multiplier are both 
monomials. ' ^ / - 

2. When the multiplicand is a polynomial, and the 
multiplier a monomial. 

3. When both multiplicand and multiplier are poly- 
nomials. 

Case I. 

(36.) When the multiplicand and multiplier are 
both monomials. 

Let it be required to multiply 3a^b by 5a'6'. 

The quantities may be written Saab and 5aaabb. 
Now, by arranging the factors, we shall have 

3 X 5 X aaaaabbb = 15a*A". 
If we consider the manner in which this result has 
been obtained, we shall find that any factor is repeat- 
ed as many times in the product as it is a factor in 
both the multiplicand and multiplier, and that the 
powers of the same quantity are multiplied simply by 
adding their exponents. Hence, for the multiplica- 
tion of a monomial by a monomial, we have the fol- 
lowing 

Rule. 

Multiply the coefficient of the multiplicand by the 
coefficient of the multiplier for the coefficient of the 
product. Write after this last coefficient all the let- 
ters that enter into both factors, affecting each with 
an exponent equal to the sum of its exponents in both 
factors, 

B 
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Remark, This rule is perfeotly general whatever 
may be the exponents, whether they are whole, frac- 
tional, positive, or negative numbers. 

Examples. 

1 . 5abc X labc = 35a'ft V. 

2. 17xyzx5a;VV=85xyz'. 

3. 20ab*c(Fx6bc^x=120ab*c*(Fx. 

4. m^xxl5px=15m*px*. 

5. 6a-*b*c^x9a*b-'c^=5iabcK 

6. Multiply ia'b^cd by Sabc^cT. Ans. 

7. Multiply 12'/^ X 46= Ans. 

8. Multiply '^'xyz'x6xt/*z= Ans. 

9. Multiply 13a*bVx5abxt/=^ Ans. 

10. Multiply 4xVxia;V5r= Ans. 
(37.) If the exponents are letters, the same rule is 

to be observed. Thus, 

11. a"Xa°=a"+". 

12. 6a"*-*x6a=30a'". 

13. 7aaf"*"X4a'x"'=28a'x'"^\ 

14. 5xVx4a;"2r= . il«5. 

15. 20a*lfx5a''b''c'= Ans. 

16. Find the continued product of 

Sa^A^c" X 6a"&V X 2a"*+"&. 

Case II. 1 

(38.) When the multiplicand is a polynomial, and 
the multiplier a mxmomiaL 

Let it be required to multiply a'— 2i by 3c. The 
required product is equal to the difference between the 
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square of a and twice 6, taken as many times as there 
are units in 3c. 

If we multiply a' by 3c, the product 3a*c is too 
great by the number of units in 2&, taken 3c times. 
We must, therefore, subtract the product of 2b by 3c 
from 3a*c. Hence we derive the following 

Rule. 

Multiply each term of the multiplicand by the muU 
tiplier, beginnings at the left hand; and these partial 
products, being connected by their respective signs, 
will be the product required. 

Examples. 

1. Multiply x*+2xy-\'y^ 
by 5x' 



Product 6x* + 10x*y-\'5xY' 
2. Multiply a'-^a*b+^aV-V 
. by 6ab 



Product 6a*6-18aV+18a'6"-6a&\ 

3. Multiply a"+4a'"-*&+66'» 

by 3a6 

Product 3a"+*& + 12a"6' + 18a&"+\ 

4. Multiply 5a;y+3x'-2y" by 12aby. 

Ans, 

5. Multiply 6ax-'5by+7xy by labxy, 

Ans, 

6. Multiply 15a*ft+3a6»-126' by 6a*. 

Ans. 

7. Multiply ax^—bx^+cx—d by x. 

Ans. 
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8. Multiply flx"+6y"+c by Sac. 

Ans. 

9. Multiply a+6—c—rf by oAcrf. 

Ans. 

Case HI. 

(39.) When both multiplicand and multiplier are 
polynomials. 

Let it be required to multiply o— ft by c—d. First 
multiplying a by c^ the product is ac ; but b should 
have been subtracted from a before the multiplication ; 
b units have, therefore, been taken c times in the a, 
which ought not to have been so _, 
taken ; hence 6, taken c times, must _^ , 

be subtracted, and there results 7- 

ac—bc^ as the product of a—b by ~" ^ ^a 
c. But the multiplier was c— rf, and — " ' — -- 
not c; therefore the multiplicand ^^"^ ^""^^"t"^ 
has been taken d times too often ; d times the multi- 
plicand, which is of the same form as c times the mul- 
tiplicand, must be subtracted from the product of 
a— i by c, but the rule for subtraction (Art. 31) is to 
change the signs of the subtrahend. The result is, 
therefore, ac—bc—ad-^-bd. Hence, when both multi- 
plicand and multiplier are polynomials, we have the 
foUowing 

Rule. 

Multiply every term of the multiplicand by each 
term of the multiplier in succession, affecting" the 
product of any two terms with the sign plus when 
the signs are alike, and with the sign minus when 
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the signs are unlike ; and the algebraic sum of these 
partial products will be the product required. 

Examples. 

1. Multiply 3a + 26~5c 
by 5a- 36 



15a'+10ab-25ac 

- dab" 6b*+15bc 



Product 15a'+ ab-25ac- 6b*+15bc. 

2. Multiply a'-&* 
by g'+y 

a'-a'b' 
+a*b'-b* 

Product a* -b* 

(40.) If the polynomial factors are homogeneous^ 
their product will be homogeneous, and the degree of 
each term will be equal to the sum of the degrees of 
any two terms of the multiplicand a?id multiplier. 

3. Multiply 5a -{- 3b — 2c 
by 4rf -f- 5<f -f- 6/ 



20ad-\-12bd^ 8cd 

4-25flC-f-15Jc— lOcc 

-\-30af-{ 18i/— 12cf 



iiOad^l2bd^25ae— 8cd-\-l 5*c-f-30flf— 10c«-f-18*/— 1 2cf. 

If no two of the partial products are similar, there 
can be no reduction of the terms of the product. There- 
fore, the whole number of terms in the product will be 
equal to the number of terms in the multiplicand mul- 
tiplied by the number of terms in the multiplier. 

4. Multiply x^+3xy+y^ by 6x*Sxy-\-y'. 

Ans. 
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5. Multiply 5a^x—Qaxy'\-lz^ by 6a'a;— 7axy+8z*. 

Ans. 

6. Multiply 3a'-2a&+5 by a'+2a6-3. 

Ans. 

7. Multiply a'-4a+26 by 3a-&. 

8. Multiply 2x'-3xy+V by 5x'-6a:y-2y". 

9. Multiply 3y*+2xy +3x' by 2y*~3xy +5a:'. 

10. Multiply ftV— 3ay by 6x— 3y. 

11. Multiply 7a:'-2y-9 by 3a;'-lly. 

Ans. 

12. Multiply a;*+x*+x' by x'-l. 

13. Multiply x^+xy +y* by x*-a;y+y*. 

14. Multiply 24x'-2aa;-35a' by 2x-3a. 

15. Multiply ^x—dyz-^-ab by — 5a;'+4yz— SoA. 

16. Multiply 2x*-3xy +5y' by 3x'+2xy +3y*. 

Ans. 

17. Multiply 2x*+4x'+8x+16 by 3x-6. 

Ans. 

18. Multiply 3x*-5&'+3c' by x'-6\ 

19. Multiply ar+b^ by a"+&". 

20. Multiply ax+by by ax+cy. 

Ans. a*x'+{ab-hac)xy+cby'. 
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21. Multiply a'+2a*a:+2aa;'+x' 
ty a'— 2a'a;+2ax'— a;' 

22. Multiply a+b+c by a+*+c. 

Ans. a^+2ab+b^+2ac'h2bc+c . 

23. Multiply a+b hy a +b, 

{a+b)X{a+b) = {a+by=a^+2ab+b\ 
From which we deduce the following 

Theorem I. 

The square of the sum of two quantities is equal to 
the square of the firsts plus twice the product of the 
first by the second^ plus the square of the second 

Examples. 

1. (a;+y)(x+y)=a;'+2a:y+y'. 

2. (3a;+2a)(3a;+2a)=9rc'+12aa;+4a'. 

3. (9a;+3^)'= Ans. 

4. (8aa;+76c)'= Ans. 

5. (5+i)'= Ans. 

6. (6+i)'= Ans. 

7. Multiply a—bhya—b. 

(a-by=={a-b){a'-b)=a'-2ab+b\ 
From which we deduce the following 

Theorem II. 
The square of the difference of two quantities is 
qual to the square of the first j minus twice the prod- 
uct of the first by the second^ plus the square of the 
second. 



34 elements of algebra. 

Rule. 

Divide the coefficient of the dividend by the co- 
efficient of the divisor for the coefficient of the quo- 
tient. 

Annex to this coefficient all the letters that enter 
into the dividend and divisor^ affecting each with an 
exponent equal to the excess of the exponent in the 
dividend over that in the divisor. 

Remark. This rule is also general, whatever may 
be the exponents. 

Divide a* by a, we have a*~'=a". 

a*-ra*=a*"-*=a° =1. 

a* -r a*= a*" = a"' = -. 

a 

o^ 

a" 

a" 
(43.) By inspecting the above we perceive that 
a"=l, and that a factor may be taken from the nu- 
merator into the denominator^ or from the denomin- 
ator into the numerator by changing the sign of its 
exponent. 

Examples. 

1. Divide 2^abc by 36. Ans. Sac. 

2. Divide S9xYz by ISafz. Ans. Sxy". 

3. Divide 1728a' b'c by Uabcd". Ans. 144a'6rf^. 

4. Divide 14ab^cd by 2a^bc^. Ans. laT^bC^d. 
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5. Divide 51a'bc' by Za'b'c\ 



Ans. 19a~'6~*c *, or 
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abc^' 

6. Divide 42a;VV by 2xYz\ Ans, 21. 

7. Divide —5a*x*y^ by —Id^x^, Ans, ^ar^y^, 

8. Divide 15axy^ by — 3ay. ilw5. — 5xy'. 

Case II. 

(44.) TFSew ^Ae dividend is a polynomial^ and the 
divisor a monomial. 

A polynomial divided by a monomial is effected by 
dividing each term of the polynomial by the monomial, 
and connecting the terms by their proper signs. 

Examples. 

1. Divide 7ax—42a*x-\'56a*y by 7a. 

7ax—42a'x-\'56a*y ^ . ,, , 

Ans. = =x—Dax+8ay. 

2. Divide 15a''"-9a^'°-^6+,6a»6» by 3a\ 

^ 15a""-9a'"-^&+6a'"6" ^ „ ^ „ ,^ „^„ 
Ans. ^-^ =5a'"-3a""'6+2&". 

3. Divide Wx'y^z^—ldxy^+dxz^ by 5xy. 

. IdxY^'-lSxy'+Sxz' ^ . o _i_^ 

Ans. = =3xyz*—3y'\ — . 

5xy '' "^ y 

4. Divide 20a»~15a'+25a by 5a. 

Ans. 4a'— 3a +5. 

5. Divide 12x^y—60xy*—Gxy by Gxy. 

Ans. 2a;— lOy— 1. 

6. Divide 5wrc'+30mV+25w'a;' by 5mx. 

Ans, a:'+67wrr+5»i*x'. 
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7. Divide 3xyztv-\-12ayz-'9f/^z by St/z. 

Ans. xw+Aa—Sy. 

8. Divide 36aV+120a'b+60ab by 12ab. 

Ans. 3a6+10a+5. 

9. Divide 8xy+12a;'^H-16a;y by 4xy. 

Ans. 2xY+3xp+4. 

10. Divide 72o'&»+120a»&-12aA by 3a. 

Ans, 24ab*+40ab-4b. 

11. Divide ab+ac—a by a. -4«5. ft+c— 1. 

12. Divide 8a;-+°-10x"+y+12x"+»y by 2a:-. 

^«5. 4a;"— 5a:y"+6a;y. 

13. Divide 6aX'-18axz-\-24x by 6x. 

-4n5. a— 3a2r+4. 

14. Divide 15mx-'30amx-\'25m by 5m. 

-4»5. 3a;— 6ax+5. 
Case III. 

(45.) To divide a polynomial by a polynomial. 

The dividend may be regarded as the product of the 
divisor into the quotient, the quotient being as yet un- 
known. The highest power of any letter in this prod- 
uct is evidently formed by the multiplication of the 
highest power of the same letter in the divisor, by the 
highest power of that letter in the quotient. 

Hence, both the divisor and the dividend should be 
arranged according to the regular powers of som^e 
letter. Then divide the first term on the left of the 
dividend by the first term on the left of the divisor 
for the first term of the quotient. 

Multiply the whole divisor by this term of the quo- 
tient^ and subtract the product from the dividend. 

Divide the first term of the remainder by the first 
term of the divisor for a second term of the quotient ; 
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multiply as before^ and subtract the product from the 
first remainder. 

Continue this process till the first term of the re- 
mainder can not be exactly divided by the first term 
of the quotient. 

The remainder {if any) and divisor are then to be 
written in the form of a fraction^ and connected to 
the quotient by the sign of the remainder. 

Examples. 

1. Divide a*-2aV+a;* by a'+2ax+a;'. 
Dividend. Divisor. 



a*-2aV+x* 



a*+2ax+a;* 



a'— 2axH-x', Quotient. 



-2a*x -3aV-fx* 
~2a'a; ~4aV--2ga;' 

aV+2aa;"+a;* 
aV+2arc"+a:\ 
2. Divide a»°-2a"&"+6'" by a"-&". 
Dividend. Divisor. 






;m 



a" -ft 



m 



a'^—b'^j Quotient. 



3. Divide 1 by l—x. 
1...I1— a; 



- x* 
1—x l-\-x+x*+z , Ans. 

X 

X—T? 
X^ 

i-x 
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4. Divide ax*+ax*+6x*+aa;'+te'+cx*+aa;* + fia;' 
+cx^+bx+cx+c by ax^+bx+c. 

The terms of the dividend may be arranged as fol- 
lows: 



ax*+a 
+6 



x*+ax*+ax^'\-b\x+c 



ax*'\'bx*'\-cx* 



+b +b 

+c 



+c 



ax*+bz +c D ivisor. 



ax^-^-a 
+b 



x*+ax^ 



+6 
+c 

ax*+bx*-\'Cx* 
ax*+a 



+b 



x'+b 

+c 



ax*+bx^+cx 
ax*+bx+c 
aa^+bx+c. 

5. Divide 12a;*-192 by 3a;-6. 

Am. Ax*+8x'+16x+32. 

6. Divide 6a;*-6/ by 2x'-2y\ 

Ans. 3x*+3xy+3^. 

7. Divide l-5a;+10rc'-10a;"+5x*-x»by l-2a;+x". 

il»s. 1— 3x+3x*— x*. 

8. Divide x'-x*+x*-x*-\'2x-l by x'+x— 1. 

Ans. x^—x^+x^—x+l. 

9. Divide a;'+5xV+5a:y'H-y* hy a;'+4a:y+y". 

10. Divide x*-\-4^* by x'-2xy+2y\ 

^W5. x*-{'2xt/+2y'. 

11. Divide 4x'+4x'-29a;+21 by 2x-3. 

Ans, 2x''H-6x— 7. 
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12. Divide iSx^-iex^y-eixf+lOdy* by 2x-Sp. 

Ans. 24x'-2xj^-35y*. 

13. Divide x^+y^ by x+y. 

Am, X*— xV+«V— a;y'+y** 

14. Divide 36xV-63a;y+20y'' by 12a;y-5y". 

^W5. 3rc— 4y. 

15. Divide 52a;*-93x*y-70xy+48xy-27x^* by 
13x'— 7xV+3xy'. ^W5. 4x'— 5xy— 9y'. 

16. Divide lixy'-21yz+7cy-\-6ffx—9ffz+3cff by 
^y+Sg'. Ans. 2x—Sz+c. 

17. Divide ix*+x'+fx+} by Jx+l. 

il7J5. X*+f . 

18. Divide 2x"'^~6x*"6"-f6x"6'°-26"" by x"-6". 

^ws. 2x'"-4*°x"+26»°. 

19. Divide x^+ax+bx+ab by x+a. Ans. x+b. 

20. Divide x^—ax—bx+abhy x—b. Ans. x— a. 
2] Divide x*~(a+2)x'+(2a+ft)x-2& by x-2. 

Ans. x'—ax+ft. 

22. Divide 10a'+lla'b-15a'c-19abc+3ab'-\^15bc* 
—5Vc by 5a'+3a6— 56c. il«5. 2a+b^3c. 

23. Divide a^-6^ by a-&. 

24. Divide 1 by 1+x. 

Ans. 1— x+x'— x*+x*— x*+, &o. 

25. Divide 1 by l-2x+x^ 

Ans. l+2x+3x'+4x'+5x*+, &c. 

26. Divide x'— 2x'— 15xby x— 5. Ans. x*+3x. 

27. Divide a'-b'-c'+2bc by a-6+c. 

Ans. a+b—c. 

28. Divide -6x*+96 by -3x+6. 

Ans. 2x'+4x'+8x+16. 
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ON FACTORING. 

(46.) When a polynomial is the product of two or 
more factors, it is often necessary to resolve it into 
the factors of which it is cojnposed. This can fre- 
quently be done by inspection. 

Select all the factors common to every term of the 
polynomial for one factor ^ and write what remains 
of each term within a parenthesis for the other factor, 

m 

Examples. 

1. Take, for instance, the polynomial 

ax'+bx'—cx*. 
We see immediately that rz;* is a factor common to all 
the terms ; hence, 

2. Take, for a second example, 

eyx-etx*. 

We perceive that 6bx is common to both terms ; hence, 

6b*X'-6bx*=6bx(b'-x*); 
but 6*— x* is the difference of the squares of two quan- 
tities, which, by Theorem III., is equal to the product 
of the sum and difference of those quantities. 
Therefore, 6b*x—6bx*=6bx(b+x)(b—x). . 

3. Resolve x^+ax+bx—cx into its component fac- 
tors. Ans. x{X'\-a+b'-c). 

4. Resolve 5a'6c+10a6V+15a6c' into two factors. 

Ans, 5abc{a-\-2b+Sc), 

5. Decompose 3x*y*—6x*y*Z'\'3x*y*z* into three fac- 
tors. Ans, 3x*y*{xy—z) {xy—z), 

6. Decompose Sx*y'-Sxy* into three factors. 

Ans, 3xy{x-{-y) (x—y). 
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7. Decompose y*— 2y'— 15y into three factors. 

il»5. y(y+3)(y-5). 

8. Decompose Sx^+Sx^+Sax—lSx into factors. 

Ans. 3x(x'-\-2x+a'-5). 

9. Decompose 3abc+12abx—9a*b into factors. 

Ans. 3a6(c+4a;— 3a). 

10. Decompose y^'— y'"^*+y"'**'-y""*^ into factors. 

Ans. y*(y-y^+y*-y% 

11. Decompose a*— 6'— c'+2^c into two factors. 

Ans, (a+6— c)(a— ^+c). 

12. Decompose a^x—x* into three factors. 

An^. a;(a+a:)(a— a;). 
(47.) If we multiply (rc+a) by (rc+ft), we shall, 
have for the product 

rc'+(a+6)a;+a6. 
Or, if we multiply (x— a) by (x— 6), the product will 
be x*— (a+6)a;+a6. 

Hence, if we have a polynomial of the form 

x*+9x+20 or a;'-9a;+20, 
in which the coefficient of the second term can be di- 
vided into two parts, such that their product shall be 
equal to the third term, it can always be factored. 
Thus, 9=5+4 and 5x4=20. 

Therefore, a;'+9a;+20=(a;+5)(x+4). 

13. Decompose x'— 9a;+20 into two factors. 

Ans, (re— 5) (re— 4). 

14. Decompose ri;'+13rc+42 into two factors. 

Ans. (x+6) (re +7). 

15. Decompose a;'+8rc+15 into two factors. 

Ans. (a;+3) (a;+5). 

16. Decompose re'— 14a;+45 into two factors. 

Ans. (a;— 5) (re— 9). 
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17. Decompose re'— lOx+21 into two factors. 

Ans. (x— 3) (a;~7). 
If we multiply (x— a) by (x+b), the product is 

x'— (a— 6)rc— aft. 

(48.) Where the sign of the middle term will be 
minusj or plus^ according as a is greater than ft, or 
less than ft. 

Hence, if we have a polynomial of the form 

x'+2x-15, 
or x'— 2x— 15, 

in which the coefficient of the second term is the dii^ 
ference between two numbers, whose product is equal 
to the third term, it can always be fetctored. 

Thus, 2=5-3 and 5x3=15 ; 

.-. a;'+2a;-15=(x+5)(rc-3), 
and x'-2a;-15=(x-5) (a;+3). 

18 Decompose x*— x— 30 into factors. 

Ans, (a;+6)(a:-6). 

19 Decompose x*+6x— 27 into two factors. 

Ans. (x+9)(a:-3). 
20. Decompose rc'+6x— 7 into two factors. 

Ans. (x+7)(rc— 1). 
(49.) By the ordinary rule of division we might ob- 
tain the quotient of a^—b"" divided by a— ft, when 
some particular number is substituted for m ; but we 
shall prove generally that a°'—b'' is always exactly di- 
visible by a—b. Thus, 



oT-b 



m 



a—b 



a"-' 



^m_^m-lj 



a°*-*ft— ft'"=lst remainder. 
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Dividing oT by a, by the rule for exponents, we 
biave (jr~^ for the quotient. Multiplying the divisor 
by this quantity, and subtracting the product from the 
dividend, we have for a remainder a'°"*6— 6", which 
may be put under the form 

Now, a"— 6" will be exactly divisible by a— 6, if 
oT-'-b'^' be divisible by a-b ; that is, if the differ- 
ence of the same powers of two quantities is divisible 
by the difference of those quantities, then the differ- 
ence of the powers of the next higher degree is also 
divisible by that difference. 

But a'— 6' is exactly divisible by a— 6, or 

-.=a+6 • 

a—b ' 

hence a*—b* is divisible by {a—b) ; and since a'— &• is 
divisible by a— 6, a*— 6* must be divisible, and so on 
to any power m. 

Dividing aT—b"^ by a— 6, we have 

a—b 
Let w=2, 3, 4, 5, 6, &c., we shall have 

a—b ' 

a^-b* 

-=a'+a6+6', 

a—b 

a—b 
&c., &c. 
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(50.) Hence, the difference of the same powers of 
any two quantities is exactly divisible by the differ- 
ence of those quantities. 

It may also be proved that the difference oftm 
even powers of the same degree is exactly divisible by 
the sum of their roots ; that is, 

a'-b' 

=a-bj 

a+b 

a'-b' 

—^^a'-a^b+ab'-b'j 
a+b 

tZ^^a^-a^b-ha^b^-aV+ab^-b^ 
a+b ' 

&c., &c. 

(51.) And that the sum of two odd powers of the 
same degree is exactly divisible by the sum of their 
roots. 



a+b 
a'-\-b' 



^a^-a^b+a'b^-ab^+b', 



a+b 
&c., 6cc. 

(52.) Ifmbe any whole number whatever^ 2m will 
always be an even number ^ and 2m +1 an odd number, 

21. Decompose re*— y' into two factors. 

Ans, {x—y){x*+xy+y'). 

22. Decompose re*— y* into three factors. 

Ans. (x - y) (x +y) (re* +y*). 
23 Decompose x*— 8y" into two factors. 

Ans. (rr-2y) (rc'+2rry+4y'). 

24. Decompose 27a;' +1 into two factors. 

Ans. (3rc+l) (Orc'-Sx+l). 
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26. Decompose 8a;*— 1 into two factors. 

Afis. (2x-l)(4rc'+2a;+l). 
26. Decompose 27a;'— 27y* into factors. 

Ans. 27{x-y){x^+xp+p^). 

(53.) We should impress upon the minds of young 
students that the object of Algebra is not that of solv- 
ing difficult questions only, but to instruct him in the 
langtmge of symbols^ a language which he will find 
to be the key to the higher branches of science, and 
ultimately to the profoundest mysteries of Nature. 

Every algebraical result should, therefore, be inter- 
preted, and transformed into an arithmetical quantity. 
To render the analyst expert, we shall here introduce 
a number of examples of transformation, which he 
should be compelled to verify by the substitution of 
different values for the several literal factors. 

Examples. 

1. Thus, a*-6'=(a+6)(a-6). 

If we put a=^, 6=q) ^^ ^hdX\ have 

«•-*•= (3) - (5) =j-g=4 

««><-+»)<«-»)= (5+5) (5-|)=sxrfi- 

2. Find the numerical value of (rc+a) (a; +6), or its 
equal x*-\-{a-\-b)x+abj when a;=oj fl^=7> *==^- 

Ans. ^. 

3. Find the numerical value of (aa;— 6y)'+(ay+6a;)', 
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or its equal (a'+6') (.'c*+y*), when a=2, 6=1, a;=3, 
y=4. iliw. 125. 

4. Find the numerical value of the identical ex- 
pressions 

when a=l, p=4, ^=3. 

Ans. 625. 

5. Find the numerical value of each of the identioil 
expressions 

when x=2, y=3, z=4. 

-4«5. 87. 

6. Find the numerical value of each of the identical 
expressions 

a;(x- 1) (x-2) +9x(x- 1) +18a;+6=(x+l) (a;+2) (x+3), 

when a;=3. 

Ans. 120. 

7. Find the numerical value of the expression 

when a;=4, y=4. 

iln^. 8. 

8. Find the numerical value of the expression 
ja-y) ja-z) (a'-x)(a-z) ^ (a-x) (a-y) 

^ (x^y) (x-z)-*"^- {y^x) (p^zr'^'(z^x) (z^y^ 
when a;=2, y=3, j2r=4, and a=9. 

ii9»5. 9. 

9. Find the numerical value of the expression 

x{x-l) (a;-2)+3x(a:-l)+x, 
when a:=— 6. 

Ans. -216. 
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10. Find the numerical value of the expression 

a(g+6)~(a'-y) 

when a=2, 6=4, and c=6. 

Ans. 18. 

11. Find the numerical value of the expression 

2a»-3a{5a6-3c-2a«(a«~[5-a'6']3a6-6a*)-10}, 
when a=— 2, b=S, c=4. 

Ans. 45032. 

12. Find the numerical value of the polynomial 

3a»-26[5a-3c'|2a'6-3c(26«-a'+36c)+18a}-56T 
-.2aS 

when a=2, ft=— 3, c=— 4. 

ilw5. 261794. 



CHAPTER 11. 

OP ALGEBRAIC FRACTIONS. 

(54.) Algebraic fractions differ in no respect from 
arithmetical fractions ; that is, the denominator shows 
the number of parts into which a quantity is divided, 
and the numerator the number of parts taken. 

There are three principles which form the bases of 
all operations in regard to fractions. 

1. To multiply a fraction by any number ^ either 
multiply the numerator j or divide the denominator of 
the fraction by that number, 

2. To divide a fraction by any number ^ divide tke 
numerator J or multiply the denominator of the frao 
tion by that number, 

3. If the numerator and denominator of. a fraction 
be both multiplied^ or both divided by the same num- 
berj the value of the fraction will not be changed. 

Case I. 
(55.) To reduce a fraction to its simplest form. 

Rule. 

Decompose the numerator and denominator into 
factors, then cancel the factors common to both. 

Examples. 

re*— 4a;— 21 
1. Reduce » , q , ^g to its simplest form. 
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The numerator is equal to («— 7) (x+3), 
and the denominator {x-\-5) (x+3) ; 

g'-4rc-21 _ (rg-7) (x+3) _ g~7 
*'• x*+8x+15 {x+5){X'h3)''x+5' ^^' 

2. Reduce 1,7 , -ig to its simplest form. 

Ans, 



a; +4" 



3. Reduce -^ ; to its simplest form. 

CL -^X 



Ans, 



a^+ax+oi^' 
4. Reduce "^ — t~ *<> its simplest form. 



aV-x* 



iln5. 



6. Reduce , , to its simplest form. 

(t itX 

a 



Ans. 



a^'-ax+x*' 



6. Reduce -r^s — 777 to its simplest form. 

Ans. . 

x—p 

7. Reduce o «„od/y^Q *® i*® simplest form. 

Ans. ^. 

S- ^^^^ 3a'+6a&+3y *^ ^^^ '"^P^"'* ^^"'^ 



a+*' 
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7 
9. Reduce ^i -.^^^ ^ ^^ simplest form. 

Ans. ;=-. 
oar 

in p ^ 6/^'-12n+6 ^ .^ . , ^ ^ 

10. Keduce 15 «— 30 4-1^ *^ ^^ smiplest fonn. 

5 

11. Reduce r^jj — - to its simplest form. 

il«S. . 

X 

12. Reduce -5 — ^ to its simplest form. 

X *~~ vX 

X— 5 

ii«5. ^. 

X— 

6x'+ 7x^—33^' 

13. Reduce ^ a 1 11 — , « *^ i^ simplest form. 

3x— y 

Here 6x'+ 7xy-3y'=(2x+3y)(3x-y), 
and 6x'+llxy+3y"=(2x+3y) (3x+3^). 

Example 13 can best be solved by finding the 
greatest common measure. In fact, whenever the 
factors which compose the numerator and denomin- 
ator are not readily perceived by the student, the best 
way to reduce a fraction to its simplest form will be 
to find first the greatest common measure j and divide 
both terms of the fraction by it, 

(56.) The greatest commxm measure of two or mwe 
quantities is the same in Algebra as it is in Arith^ 
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me tie, viz., the product of all the prime factors com^ 
mon to the quantities, 

TO FIND THE GREATEST COMMON MEASURE. 

Having arranged the polynomial^ with reference 
to one of its lettersj divide the one which contains the 
highest power of the letter by the other, as in divi- 
sion; then divide the last divisor by the remainder 
arising from the preceding division. Continue this 
process till nothing remains, the last divisor will be 
the greatest common measure. 

The demonstration will be found in a subsequent 
part of the work. 

Examples. 
1. Find the greatest common measure, and reduce 

the fraction -r; — i 1-5 r^ to its simplest form. 

a+a^x—a^x^—a^x* ^ 

We perceive that a' is a simple factor of the nu- 
merator, and a" of the denominator; therefore a^ is 
the greatest common measure of these simple factors, 
and must be reserved for a factor of the greatest com- 
mon measure of the other factors of the terms of the 
given fraction. We have then 

a'(a*— re*) and a*(a"+a'a;— arc''— re'), 
or a*— re* and a'+a^rc— arc^'—x", 

as the polynomials whose greatest common measure 
we are to find. 

a*— re* [g'+g'rg— arc*— re* 

a*+a*re— a're*— are" a —re 
— a're+aV+arc*— re* 
— g'rc—qV+are'+rg* 

2aV— 2re*=lst remainder. 
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Deoomposing this remainder into two factors, we 
have 2a;'(a'-x"). 

Rejecting 2x% and dividing the last divisor by this 
remainder, we have 

cf—ao^ a +x 

~0 
Multiplying the divisor, which gives no remainder, 
by a', we have a*(a'— a;*) for the greatest common 
measure. Hence, 

a'+a*x— aV— aV""a*+a*a;— aV—aV-ra'(a'— a;*) 
=-j-7 — , Arts, 

2. Find the greatest common measure, and reduce 

6a;*+7a:y— Sy* 
the fraction ^ » i ii — , o t to its lowest terms. 

3. Find the greatest common measure, and reduce 

ic* — y* 
the fraction -i — ^ to its lowest terms. 

il«5. Com. meas. =a;'— y*. 
Red. frac. =-t 



4. Find the greatest common measure, and reduoe 

X*— 1 
the fraction —r-^ — ■« to its lowest terms. 

Ans. Com. meas. =a^+l. 

«•— 1 

Red. firac. = , « 



ALGEBRAIC FRACTIONS. 53 

5. Find the greatest common measure, and reduoe 
the firaotion a , oa ■ % ^ i^ simplest form. 

Ans, Com. meas. =a;+6. 

Red. frac. = ;-. 

x-\-b 

6. Find the greatest common measure, and reduoe 

the fraction ^q:4^:+:5"^^+26 *° ^^ simplest form. 

Ans, Com. meas. =a;+4. 

Red. frac. =— ; — =-. 

re' +6 

Case II. 

(67.) To reduce a mixed quantity to the form of a 
fraction. 

A mixed quantity is one which is composed of an 
entire part and a fraction. 

An entire quantity is one which has not the form 
of a fraction. 

Rule. 

Multiply the entire part by the denominator of the 
fraction, and to the product annex the numerator 
with the sign that connects them. 

If the sign is minus, and the numerator contains 
more than one term, it must be placed within a paren- 
thesis, or all its signs must be changed,* 

* The reason of the Rale is simply this : that >vheii a fraction is pre- 
ceded by the sign minus, it denotes that the whole fraction is to be 
sabtracted. Now, when the numerator is a polynomial, the bar which 
separates it from the denominator is to be regarded as a vinculum or 
parenthesb ; hence, when this vinculum is taken away, all the signs 
of the numerator must be changed {Art. 32). 
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Examples. 

2x* 32 

1. Reduce 3a;— 9 ttt- to the form of a firactioiL 

a;+3 

3a;'-32^ (3a;-9)(a; + 3)-(3a;'~32) 
a;+3 "" x+3 

_ 3x'-27-(3x'-32) _ 3a;'-27-3x'+32 _ 5 
a;+3 "■ x+3 "a:+3' 

It is always best to require the student to express 
the work, as above, before actually performing the 
operations. 

2. Reduce x to the form of a fraction. 

X 

^ x'-a'-b* 

Ans. . 

x 

3. Reduce 3a;'— 6+-= to the form of a jfraotion. 

. 21x'-36-3xV+6y-a' 
Ans. = . 

7-y 

4. Reduce 10a; . to its simplest form. 

7x'-'10bx+8b' 



Ans. 



x— 6 



6. Reduce vH to the form of a fraction. 

y 



a' 
Ans. -;• 

y 

6. Reduce a+x-\ to the form of a fraction. 

a—x 

Ans. : — . 

a—x 
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7. Reduce l+2a; — = — to the form of a fraction. 

ox 

10a;"+4a;+3 
Ans, — 



5x 



a*-x* 



8. Reduce IH — rr — j to the form of a fraction. 

a +x 



a'-x' 



9. Reduce 1 — rr—i to the form of a fraction. 

a -hx 

2x' 
Ans. 



a'-hx'' 



10. Reduce ab+cd-i -^rz to the form of 

c+2d 

a fraction. 

2ab(c+d) 

Ans, — Tirr~' 
c+2a 

11. Reduce 1 n-n — to the form of a fraction. 

2ab 
Ans. , , ,, . 

12. Reduce a;'+2a;y+y'- ^'""^'^'^|^'^^'""^' to the 

x+t/ 

forni of a fraction. 

Ans. Mft^. 

Case III. 

(68.) To reduce a fraction to an entire or mixed 
quantity. 
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Rule. 

Divide the numerator by the denominator for the 
entire part, place the remainder y if any^ over the de- 
nominator for the fractional part, and unite the two 
by the sign of the remainder. If the sign of the re- 
mainder be minus, and it consists of several terms, the 
signs of the terms, except the first, must be changed 
when placed in the numerator. 

Examples. 
1. Reduce ; to a mixed quantity. 



g*+ xy x+y 

xy-\-i^ 
xy+y* 



-p-q. 

Here the remainder —p—q, when made the nu- 
merator of a fraction, comes within a parenthesis, and 
hence the sign must be changed. 

That is, — /?— ^= — (/?+^). 

Therefore a:'+2a:y+y-;,-g ^ p+g ^^ 

x+y -" x+y' 

2. Reduce j-r to a mixed quantity. 

a*-b* 



Ans, a+b — 

3. Reduce to a mixed quantity. 

a^^x 



a+b' 



2x* 
Ans, a-hx-^ 



a— X 
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4. Reduce = to a mixed quantity. 

Ans, 4a— 2+^-. 

oa 

5. Reduce o . ^ to a mixed quantity. 

. ^ 2z+ax 
Ans. 2x — 



3x+l" 



6. Reduce to an entire quantity. 

X p 



Ans. x'+xy+t/*. 

^ ^ dx^—lSx+Saft/* 
7. Reduce ^ to a mixed quantity. 

0. iieauce « to a mixed quMitity. 

y 
Ans. a;--4a— 3+S-. 

Case IV. 

(59.) To find the least common multiple of two or 
more quantities. 

Rule. 
Decompose each quantity into factors^ andy select- 
ing the highest power ofeachy multiply them together ^ 
the result will be the least common multiple required. 

Examples. 

1. What is the least common multiple of 45864| 
3780, 22050, and 54600 ? 

02 
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By decomposing the quantities, we find 
45864=2. 2. 2. 3. 3. 7. 7. 13=2*. 3'. r. 13, 
3780=2.2.3.3.3.5.7 =2'. 3*. 5 .7, 
22050=2.3.3.5.5.7.7 =2 .3\5V7*, 
54600=2.2.2.3.5.5.7. 13=2\3 .5'. 7.13. 
Hence the least common multiple is 

2* . 3\ 5\ 7M3=3439800. 

2. What is the least common multiple of 
a*+3a*b+3ab''\'b% a'+2ab+b\ and a'-y ? 

Here a'+3a'6+3a6'+6'=(a+6)* 
a'+2ab +6» -(a+6)' 

a«-6« =(a+6).(a-ft). 

Hence the least common multiple is 

{a+byx{a-b)==a'+2a*b-2ab''-b\ 

3. What is the least common multiple of 27a, 156, 
9ab, and 3a' ? 

Here 27a=3.3.3.a=3'.a, 

156=3.5.6 =3 .5.6, 
9a6=3.3.a.6=3'.a.6, 
3a' ^=^3. a. a =^3 .a*. 
Hence 3* . 5 . aV 6= 135a'6. 

Case V. 

(60.) To reduce fractions to their least common de* 
nominator. 

Rule. 

Find the least common multiple of all the denomin' 
ators of the given fractions (Art. 59) for the common 
denominator. 

Divide this common denominator by the denomifh 
ator of each fraction^ separately^ then multiply the 
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quotients by the respective numerators, and the prod- 
ucts will be the numerators of the fractions required. 

Examples. 

1. Reduce tttj kz,^ and ^ — ; to fractions having a 

common denominator. 

The least common multiple of 4ca;', 2a;, and Sac* is 
by {Art. 69) 8ocV. Therefore, 

8acV-^4ca;•=2ac.^ 3a'6x2ac =6a*6c =Num. of 1st, 
8ac'a;*-f-2a; =4ac'a;,-.yx4ac'a;=4ac'a:y= " 2d, 
8acV-T-8ac'=a:*.-. Sx* xx' =5x* = " 3d. 
6a*6c Aac^xy . 5x* , ^ 

^^"""^ 8^?^"' 8^??' ^""^ 8^^ "^ ^'^^ ^'^^*'^^ 
required. 

_, X x—l 7?-\-2 

2. Reduce ^, ^ , and — j— to fractions having a 

common denominator. 

o x» J a— 3x 3a— 5x , 3a;+5y ^ 
d. Reduce — ;; — , — = — , and — ^rp: — to a common 

4 ' 5 ' 20 

denominator. 

5a-15x 12a-20a; 3a;+5y 

^^^- 20 ' 20 ' 20 • 

^ ^ ^ 3a; 26 , 5x» 

4. Reduce jr-, ^-, and ^ — to a common denommator. 
2a 3c ' oac 

9cx 4ab 5af 



Ans, 



6ac^ Qac* 6ac 



b a* . a'+x' 
5. Reduce the fractions — t~j "^> ^™ , to a 

common denominator, 

3b a\a+x) 3{a*+x') 

^^^' 3(a+a;)' 3(a+a:)' 3(a+a:) * 
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X X+l 1 — X 

6. Reduce the fractions q, , , and r- — to a oom- 

mon denominator. 

5x{l-\-x) 3a;'+6x+3 15--15x 
^^*- 15+15x' 15+15X ' 16+15ic* 

Note, Mixed quantities must be brought to a frac- 
tional form, and the whole numbers have unity for a 
denominator. 

7. Reduce -j-, -o-> and 0+;^- to fractions having a 

common denominator. 

9a' Sax 12a' +8a; 



Ans, 



12a' 12a' 12a 



8. Reduce a, -p-, "t^tj and a+o to fractions hav- 
ing a common denominator. 

9ax'-9a 7x'-7a; 9a;'+9 9aa;*-9a+6x'-6 



Ans. 



9a;'~9 ' 9a;'-9 ' 9x'-9' 9a:'-9 



Case VI. 
(61.) To add fractional quantities. 

Rule. 
Reduce the fractions to the least common denomin- 
ator ; then add the numerators, and place their sum 
over the common denominator. 

Examples. 

1. What is the sum of l+-z — 75, r, and — -7 ? 

a^—b*' a—V a+b 

Reduce the mixed quantity to the form of a fraction ; 
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thus, l+^J3ft^=^ri^- 

The least common denominator of the fractions is 
a*— 6', and the fractions themselves become 
g'+y a'+2a6+y a'~2a6+y 

Adding their numerators, we have 

reducing the similar terms, and placing the result over 
the common denominator, we find 

. 26' a+6 , a-6_3a'+36' . 

2x 7a; 2x+l 

2. What is the sum of 75-, -r-, and — = — ? 

3 4 5 

Ans. 2x+- 



60 



3. What is the sum of i+^+4: ? 

b d f 



adf+bcf-\-bde 

^^^- Wjr • 

l+x* l-a;« 
4. Add T^— i and ^ , together. 

Ans. -; r-^. 

1— X* 

1 1 

6. What is the sum of r-r- and z ? 

l+x 1— a; 



l-a:** 



6. What is the sum of r-, :ri, and -r-; ? 

ox aar fx 

adfx* + be ft + 6fife 
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^ ,^^ 27-9x.2a;+6 29+4a; ^ ^, 
7. Add a;H j 1 — g — I r^ — together. 

^ 130-ac 

Case VIL 

(62.) To stibtract one frcLctioncU quantity from an- 
other. 

Rule. 

Reduce the fractions to a common denominator; 
then subtract the numerator of the subtrahend from 
the numerator of the minuend, and place the difference 
over the common denominator. 

Examples. 

X X — a 

1. From 3a;+T subtract x . 

b c 

Reducing the mixed quantities to the form of a frac- 
tion, we have 

Zbx+x , ex— (rc—a) 

— — and ^ -I 

b c ' 

bringing them to a common denominator, and placing 

the sign of subtraction between them, we have 

Sbcx-hcx bcx'—{bx'-ab) 

be be 

Taking away the parenthesis from the numerator 

of the subtrahend, it becomes 

3bcX'\'CX bcx—bx+ab 

be be ' * 

Subtracting the numerator of the subtrahend from 

that of the minuend, we find that 
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2bcX'\'Cx+bx''ab 



X X — a\ ! 



be 



cx-^bx—ab ^ 
=2a;+ -^^ , Ans. 



y y—d 

2. From 3y+- subtract y— 



a c 

cy^-ay—a^ 



Ans. 2y+ 



ac 



x+y , X'-y 

3. From -r^— subtract 



3 • 

x+5y 



Ans. 



3 • 



_ an+bm , py+gx 

4. From — ; subtract 



bn qy 

anqy+bmgy—bpny—bnqx 



Ans. 

^ _ a+b , , ^ a—b 
5. From 7 subtract 



bfiqy 



a—b a-\-b' 

4ab 
Ans. -I — n* 



d'+b* (a+bV 

6. From — tz — subtract ^ — :; — . 



Ans. - — 1— ^. 
4 



232J 2x 

7. From 3xH— 3^- subtract 3x4—=-. 

45 o 



Ans. 3. 



l+x* 1— re' 

8. From q r subtract :r-; — -,. 

4a:* 



l-rc** 
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9. From Sa^ subtraot -^. 



37af 

ilfl5. — Q-". 



^H^f/ c 

10. From — i— subtract > 
6 a 



dx+dy—bc 
Ans. — 



&£{ 



x—y 2y— 4a; 

11. From -^rr- subtract — ^ — • 

3ca;— 3cy— 46y+8ix 
Ans. WT . 

12. Find the difference between 

a' A^-y){^+y)i^"+y') 

TT ana ; — a • 

Ans, Either ,, or ., . 

Case VIIL 
(63.) To multiply fractional quantities together. 

Rule. 

If any of the quantities to be multiplied are mixed^ 
they must be reduced to a fractional form ; then mul' 
tiply the numerators together for a numerator, and 
the denominators together for a denominator. 

If there are any factors common to the numerator 
and denominator, they must be canceled before the 
multiplication. 

Examples. 

^ ,r IX. , t 3a;~20 ^ ^ 8a;-42 

1. Multiply 1 i — w- nv 1— -^ — f-. 

'^ ^ a; —6a: ' a:*— ox 
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First,! ^»_g^- ^,__g^ "" x'-6x ' 

a;'— 5a;"" x*—5x ~ x'—Sx 

x*— 9a;+20 x'— 13a;+42 
Hence — j^^^ X rj^ expresses the prod- 
not. 

Bnt the nnmerators and denominators may both be 
factored, and the expression becomes 

(x-5)(x-4) {x-6)(x-7) 
a:(x— 6) x{x—5) 

Canceling the factors common to the numerator 
and denominator, we have 

a;-4 x-7 a;'-llx+28 , 
X = i , Ans, 



? 



XX X 

2. What is the product of — 7— and — — r- 

x'-a' 
Ans, 



a'b+ab'' 

3. Required the product of a;H and — tt- 

aa;'+a;'— arc— 1 



Ans. 



a^+ab 



^_. __ . _ _ ^a m p X 

4. Fmd the contmued product of t, — , — , -. 

ampx 

Ans, -T . 

bnqy 

5. Find the continued product of 

a b c d e 

bx' ^' dx*' Ix'' Jx'^ 

Ant, jr^,. 
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6, Multiply a+— — by — rrj. 

8. Find the continued product of 

a+b a-b a'-b* a*+2ab+b^ 

o^' a+b' 'a+b' a'-b' ' 

Ans. a+b. 

a^+b^ a—b 

9. Multiply ^r=^ by ^^. 

10. Multiply ^^^a^^^y ^y |=^. 

X 

a;'— 4 a;«— 1 X— 2 

11. Multiply -^ — :r, -— =— , and -—j-^ continually to- 

gether. 

^ a;'-4a;+4 

il»5. s • 

io ir u- 1 3c'+5x+6 , a:'+9a;+20 
12- M^^Ply ^+7^+12 ^y :.'+lla:+3 0' 

. a;+2 

^^- ^^^*^P^y a;'^12x+35 ^^ x'->17x+72 ' 

. x-3 

Ans. 7:, 

x—d 
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14. Multiply -rrj3^q:4o by ^rp^zis"- 

- a:+7 
Ans. — -g. 

1*5 M Iti 1 ^"^ V x*-\-bx+cx+bc 

P J a;»+j/|;-.^^-_^ y x*+cx+dz+c(r 

ilW5. — —u 

(64.) It is sometimes more convenient to multiply 
mixed quantities by mixed quantities, according to the 
rule of multiplication of polynomials, without^reducing 
them to the form of fractions. 

Examples. 

1. Multiply rc'-frc+l by rc'-irc+l. 

x^'-^x+l 
x^-jx +1 
x*-ix*+x* 

+ x'-^x+l 

2. Multiply x^'+ix by x'+|a;. 

3. Multiply a;'-|a;+| by iri;+2. 

Ans. ia;'+V^'-T»+f- 

4. Multiply a:*— Jrc+l by x^—^x, 

Ans^. X* — fx' + V a;* — i«. 
6. Multiply a;»-|a;»+^a;-l by x^-h^x'-^x+l. 

Ans. a;"-|a;*+fa;'- V^'+l^-l- 
6. Multiply x^+^x^'+ix+l by rc"+i:c'+ia:+l. 



68 BLBKBNTS OF ALOBBRA. 

Case IX. 
(65.) To divide one fractional quantity by another. 

Rule. 

If there are any mixed quantities^ reduce them to a 
fractional form^ then invert the divisor^ and proceed 
as in multiplication. 

Cancel all the factors that are common to the n«- 
merator and denominator previous to multiplying. 

Examples. 

1. Divide IH — -r^ by 1 rr- 

^. . n— 1 n+l+n— 1 2» 

First, 1+^+1= n+1 ^^TPi- 

^ w-1 «+l-(»-l) 2 

and 1 pr= T-z = — r-7. 

n+L »+l «+l 

2w 2 2» w+1 
Hence -^^>^=-j^X^-. 

Canceling the factors n-\-l and 2, we have 
_ w— 1 ) _ »— 1 ) 



2. Divide ?^±^ by ^ 



a'— X ^ a—x 



2a+x 
Ans. 



a*+ax+3f' 



x—b . Zcx 



x—b 
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a b a b 

4. Divide —rji'\ 1 by — 7 pT- 

a-)rb a—b '' a—b a+b 

Am. 1. 

c TN- J x*—b* . x^'hbx 
0. Divide -5 — ST — TTi °Y i-- 

X 

a;-7 

X+0 



a— X 



8. Diwe — = — by -=-. 



n TN- J «*— 6x , ac—cx 
9. Divide — T — by 



, 9x-3 
Am. 



a+p ^ a+p ' 



X 



Am. -. 
c 



mx 



10. Divide m by -^ — 3 






X 



11. Divide gz — T-gTi by ^ , . ^ . , -Aim. 3a. 

2a+2b ^ 2a*+2ab 

2x"-7 a' 

x+a ^ x"+2ax+a** 
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a+1 , 1+a 



13. Divide -^- by 



f 



a— 1 ^ 1—d 

Ans. —(1+a). 

^A T%- J a+xa-x. a+x a-x 

14. Divide 1 — T" DV J—. 

a—x a+x '^ a— X a+x 

A «*+^ 
iliW. -TT . 

2az 

15. D,^de p by ^,g^ > 

a:"— 9x+20 



Ans. ^ 



^/> TN -J ^+^' V 2ax+2aa;* 
16. Divide o « by = ^. 



^*^-6a^- 



15a& _ lOac 
17. Divide by -j 



a— X " a'—x*' 



Ans. 



Bab+3bx 



2c • 

(66.) It is frequently more simple in practice to 
divide mixed quantities by mixed quantities, without 
reducing them to the form of a fraction, especially 
yrhere the division will terminate. 

18. Divide x*-fx'+ V^^'-ia; by x^-^x. 






a;*-K 



af—lx 



af-ix+l 



-?«"+ ix^ 



x^—lx 



X "^TsX. 



7* 
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19. Divide x*+ix*+ix by x'+^x. 

Ans. x'^+ix. 

20. Divide |a;'+yx*-|a;+i by ix+2. 

Ans. x"— l^x+f. 

21. Dividea;*-fa;'+Vi«^-ia;bya;'-ia;. 

Ans. re*— fx+1. 

22. Divide x*-Jar*+fx'-y^+l^-l 
by x*+ix^-lx+l. 

Ans. x^—^x'+^x—l. 

23. Divide a;*+a;'+H«*+|a;'+Va;"+|a;+l 
by x'+i3f+lx+l. 

Ans. x'+ix^+^x+l. 

24. Divide a;*- V^"+^'+ta;-2 by fa;-2. 

il«5. |x'— irc*+l. 
If we have a fraction of the form 

X 

— X X T —a; 

we may observe that — =— a or — =— a, but — =a; 

^ y -y —y 

that is, 

(67.) If the sign of the numerator or that of the 
denominator be changed^ the sign of the quotient 
will be changed also ; but if the signs of both terms 
be changed, the sign of the quotient will remain the 
same as before. 

Examples in Addition, Subtraction, Multipucation, 

AND Division of Fractions. 

^ ,j^a'-a&+6V a^^-ab+V 

1. Add 7 — to r-jT — . 

a—b a+b 

Ans. 



a'-V' 
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n .,, a— ft , a+* 

. 2i»(i»'+2»') 

■ m*+m*n'+n*' 

„ ^,, 1 1 , 1 ^ 

^- ^^^ 4a'(a+xy 4a'(a-xY '"^ 2a-(a*+x') ^ 

gether. 

1 






4. Find the algebraic sum of 

7a-10 30-27a 3a-7 
5 "*■ 30 6 • 



3x' , 15x— 30 
5. Multiply g^3jo by -^^. 



6 



9:e 



6. Multiply -3^ by g^^-^. 



7. Multiply — TT-X , by j. 



2» 



. m(m— ft) 
n 

8. Multiply p— iX jq^ by ^3;^. 

iln*. x+y. 

Ans, a'+ft*. 
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10. Divide ?^±? by ^-. 

. 2a+z 
Ans. -n r-i 

3a 2a 

11. Divide ^ it ty 5. 

2a— 2 -^ a— 1 



12. Divide (6+^) by (&-^). 



Ans. -:. 
4 






i.. 7^- J 3a'-3o6* , 3a"6*+3o6* 

^^- ^'"^^^ 4a'A+8a'6'+4a6- ^^ 2a6'+26' " 

2a 

^>i TV- ••■ 5a'— 5aa;' , a^—ax 

14. Divide 35-; — ^T3 by , , , . 

Qbc'—Qba^ ^ bc-^-bx 

6(c— x) 

26'+2a6\ 2ab'-2b^\ 

15. Divide («+*+^^) by (a-6-i^^:^). 

. (a+&)' 

Ans. -. rr,. 

{a- by 

16. Divide (m+n-i — ) by (m+n-\ — J . 



Ans. —. 
m 



1 1 

17. Divide n* — r by n — . 



1 1 

Ans. n*+n+—\ — r. 

n «' 



D 
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18. Divide ^ by ^''^^^ 



Afis, T". 

19. Find the algebraic sum of 

5 3ft- 1 3&-5 
6"*" 24 24 • 

20. Add (^4-^)(a' + y-C) (6 + c)(y + C-a') 

oft oc 

(g+ c)(a*+g'-y) 
ac 



iln5. 2(a+A+c). 



r 

t 



CHAPTER III. 

EQUATIONS. 

(68.) An equation is the algebraic enunciation of 
some particular problem. 

It consists of two members separated by the sign of 
equality. The quantity on the left of the sign = is 
called the first member ; the quantity on the right, the 
second member, A member may be composed of one 
term or more ; the student should, therefore, early fa- 
miliarize his mind to the distinction between a mem- 
ber and a term. 

Equations are of different kinds. 

1°. An equation may be such that one of its mem- 
bers is but a repetition of the other ; as, 

6aa:-6=6aa;-6, 
or (x—a) (x-f a)=rc'— a'. 

Such equations are called identical equations. 

An identical equation is one whose two members 
are either identical, or of such a form as to be reduci- 
ble to identity by performing the operations indicated 
by them. 

2°. The equation may be such that the equality 
subsisting between the two members can not be made 
evident, until, by certain transformations, the value of 
the unknown quantity becomes known. When this 
value is ascertained the equation is solved. And if 
this value of the unknown quantity, being substituted 



^i 
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for the unknown quantity itself in the original equa- 
tion, makes the two members equal to each other, the 
equation is said to be verified. 

Such equations as this latter kind are the objects of 
our investigations. 

Equations are divided into degrees, according to the 
highest power of the unknown quantity which they 
contain. 

Those which involve the first power only of the un- 
known quantity are called simple equations, or equa- 
tions of the first degree ; those into which the square 
of the unknown quantity enters are called quadratic 
equations, or equations of the second degree; and, 
universally, the degree of an equation is determined by 
the greatest exponent with which the unknown quan- 
tity is affected, without reference to other terms. Thus, 

ax +b'-c=d-\-x is an equation of the first degree. 

ax^+b—c=d+x is an equation of the second degree. 

If more than one unknown quantity enter into an 
equation, its degree is determined by the greatest sum 
of the exponents with which the unknown quantities 
are affected in any of its terms when these exponents 
are not fractional. Thus, 

xy +bx=c is an equation of the second degree. 

x'p-^'Xy+b^c is an equation of the third degree. 

Numerical equations are those which contain num- 
bers only, with the exception of the unknown quantity. 
Thus, x^--2x=7 is a numerical equation. 

Literal equations are those in which a part or all 
of the known quantities are represented by letters. 

ax^+bx—5=^c+2 and ax+bx+cx=:d+e are literal 
equations. 
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(69.) Solution of Equations of the First Degree 

CONTAINING BUT ONE TJnKNOWN QUANTITY. 

In every equation the unknown quantity is united 
with the known quantities in one or more of the fol- 
lowing different ways, viz., by addition^ subtraction^ 
multiplication^ or division. 

The various transformations which we make in an 
equation, in order to obtain the value of the unknown 
quantity, are founded upon the following well-known 
axioms : 

1. If the same quantity be added to equal quanti- 
tieSj the sums will be equal, 

2. If the same quantity be subtracted from equal 
quantities^ the remainders will be equal, 

3. If equal quantities be multiplied by the same 
quantity^ the products will be equal. 

4. If equal quantities be divided by the same quan' 
tity, the quotients will be equal. 

Ejl 1. Let it be required to solve the equation 

rc+12=20, 
which is the algebraic enunciation of the question, 
What number is that which, being' increased by 12, 
the sum shall be 201 

If from the two equal quantities re +12 and 20 we 
subtract 12, the remainder, by Ax, 2, will be equal ; 
but 12 taken from a; +12 leaves a;, and we shall have 

rc=20.-12 
=8, the value of a; required. 

Ex. 2. Let the equation be 

a:- 12=20, 
or the algebraic enunciation of the problem, What 
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number is that from whichy if 12 be subtracted, th^ 
remainder will be equal to 20 ? 

If to the two equal quantities x— 12 and 20 we 
add 12, the sums, by Ax. 1, will be equal ; hence we 
have 

a;=20+12 
=32, the value of a; required. 

If we had taken the equations 

rc+a=i ... (1) 
and x—a=b ... (2) 

the same principles would apply, and we would have 
from the 1st, 

x=b—ay 
and from the 2d, a;=6+a. 

(70.) Hence, we may transpose any term of an 
equation from one member to the other by changing 
its sign, 

(71.) If the same quantity appear in each member 
of the equation affected with the same sign, it may be 
canceled, 

Ex. 3. Let it be required to solve the equation 

arc=6; 

or, What number is that which, being multiplied by 
a, the product will be hi 

If the two equal quantities ax and b be both divided 
by the same quantity a, the quotients, by Ax, 4, will 
be equal. Hence, 

2:=—, the value of x required. 

If 6=36 and a=12, we shall have a;=4, the value 
required. 
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Ex. 4. Let it be required to solve the equation 

X 

-=b; 
a 

# 

or, What number is that whichy being divided by 12, 
the quotient will be 4, by putting 12= a and 4=6? 

X X 

Now, if the two equal quantities - or :r^, and b or 4^ 

be both multiplied by a or 12, the product, by Ax. 3, 
will be equal ; hence 

x=a6, 
or xc=48, the value required. 

From which it follows that, 

(72.) WJien the unknown quantity is multiplied by 
a known quantity^ its value is found by dividing both 
members of the equation by this known quantity, 

(73.) And when the unknown quantity is divided 
by a known quantity , its value is found by multiply' 
ing both members by this quantity, 

Ex. 5. Let the equation to be solved be 

re— 3 X a:— 19 
^ +0=20 ^ — , to find the value of a;. 

. In order to solve this equation, we must clear it of 
fractions. To do this, reduce the fractions to their 
least common denominator (Art. 60), the equation 
becomes 

3x-9 2x^120 3a;-57 

"T" ^"""e" 6 • 

Suppressing the denominator in each fraction, the 
result is 



3a;-9+2a;=120-3a;-57. 
The bar separating the numerator of the fraction 
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— ^ — from its denominator is a parenthesis, showing 

that the whole fraction is to be subtracted from the 
preceding quantity ; and when* this parenthesis is 
taken away by the removal of the denominator, we 
must change the signs of the terms in the numerator. 
We shall then have 

3x-9+2rB=120-3a;+57. 

Hence it appears that, 

1°. In order to clear an equation of fractions^ find 
the least common multiple of all the denominators^ 
then multiply every term of the equation by it. 

2°. In multiplying a fractional term, divide the 
least common multiple by the denominator, and muU 
tiply the quotient by the numerator, 

3°. When a fractional term is preceded by the sign 
minus, and its numerator is composed of more than 
one term, the signs of those terms must be changed 
when the denominator is removed. 

We shall now proceed with the solution. 

Transposing the unknown terms into the first mem- 
ber, and the known terms into the second, we have 

3a;4-2a;+3a;=120+57+9 ; 
and, reducing the similar terms in both members, we 
find 

8a;=186; 
.'. rc=23J, the value of x required. 

(74.) Every equation having a numerical solution 
should be verified. An equation is said to be verified 
when, by substituting the value of the unknown quan^ 
tity, the first member becomes equal to the second. 

We find the vahie of re to be 2^\. 
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Substitute this value for x in the original equation, 
we have 

23^-3 23^ 23^19 

10J+7}=20-2J 

the verification required. 

Ex. 6. Let us take, as another example, the equa- 
tion 

a-hx b — X 

Zx—a+cx^^—j: , to find the value of .r. 

3 a 

"We find 3a to be the least common multiple of the 
denominator. Multiplying every term of the equation 
by this, we have 

9aa;— 3a'+3aca;=a'+aa;— 36+3a;. 
Transposing all the unknown terms to the first mem- 
ber, and the known terms to the second, we have 
9<xx— arB+3acx— 3a;=a'+3a'--36. 
Reducing similar terms in both members, 

Sax-^2acx—Zx=Aa'—^b, 
Factoring the first member, we have 
(8a+3ac-3)x=4a''-36. 
Dividing both members of the equation by the mul- 
tiplier or coefficient of re, we obtain 

4a'-36 

x=^^ — —^ s, the value required. 

8a+3ac— 3 ^ 

(75.) From the preceding examples, to solve an 
equation of the first degree containing but one un- 
known quantity, we have the following 

Rule. 

If necessary^ clear the equation of fractions^ then 

D2 



82 ELEMENTS OP ALGEBRA. 

transpose all the unkrunon terms into the first mem' 
ber, and the known terms into the second member. 
Reduce both members to their simplest form^ and di- 
vide by the coefficient or multiplier of the unknown 
quantity. 

a 

Examples. 

1. Griven 19rB+13=59— 4a; to find the value of a;. 

Ans, x=2. 

2. Griven 4a;+7— a;=a;+18 to find the value of z. 

Ans, a;=6J. 

3. Given 2a;--8J=-^— ^ to find the value of a:. 

Ans. x=9. 

X+4: 

4. Griven 5 — t:j— =a;— 3 to find the value of x. 

Ans. x=7. 

^ ^. „ lla;-37 ^ 2a;+6 ^ ^ , , 

o. Griven ox ^ — =o = — to find the value 

of X. 

Ans. x=7. 

^ 3a;— 6 2a;— 4 

6. Given x-\ — g— =12 ^— to find the value 

of a;. 

Ans. x=5. 

X 4a; 41a; 

7. Given 7a; + 13i-2=-^-8i+-g- to find the 

value of X. 

Ans. a; =9. 

8. Given — ^ =— =16— ■— j— to find the value 

3 5 4 

of X. Ans. a;=4l. 
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^ x—l 23— X 4+x 

9. Griven —---=7 = ^ — to find the value 

7 5 4 

of X. 

Ans, z=»8. 

^ 3x+4 7a;— 3 x— 16 

10. Griven — = tz — = — z — to find the value 

5 2 4 

of X. 

Ans. x=2. 

11 n^ 17-3a; 4x+2 . 7a;+14 ^ . . 

11. Given — ^ g — =5— orcH ^ — to find 

the value of x. 

Ans, x=4. 

.« ^; 3x-3 , ^ 20-x 6x-8.4x-4 

12. Q-iven x ^ — h4= — ^ =— H — to 

find the value of x. 

iln5. x=6. 

4a:-21.57-3x 949 5x-96 ,, ^ 

13. Given — ^ 1 j — =-2r tk H^J to 

find the -value of x. 

ilW5. x=21. 

i>i n- oi 97-7X 5x-5 3x-ll 

14. Given 21 ^ — = — 5 T5 — to ™d the 

2 8 16 

value of X. 

Ans. x=9. 

.. ^. .>o 5x-1.3x-2 llx-3 13X-15 

15. Given 23+~jp-+-^ __=___ 

8x-2 



to find X. 

7 

il«5. x=9. 

X X X X 

16. Given o+o+7+p=77 to find the value of x. 
2 3 4 5 

Ans. x=60. 
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17. Given 20— *j:= — ^— 2x to find the value of x. 

2 6 

Ans. a;=— 10. 

X X X oc 

18. Given -+t4— +3=/to find the value of x. 

a a c d '^ 

abcdf 



Ans. x= 



bcd-\-acd-\-abd+abc' 



X dx 

19. Given |-3a6=l to find the value of re. 

a c 

. ac—3a*bc 

Ans, x= = — . 

c—ad 

. ax ex ffx 

20. Given '^•\'-j+e=fx-\-^-\-m to find x, 

b d -^ h 

bdhm—bdeh 
Ans, x= 



adh+bch — bdfh — bdg' 

_. ^. a 6 rf ^ _ - 
21. Given -= — I — to find the value of a;. 
X c e 

ace 
Ans. X— 



be-\-cd 

22. Given 2aa:— 6a;+2a6=4a'— a6— Sarc to find the 
value of X, 

Aa^Sab 



Ans, x= 



5a— b 



ax ex 

23. Given t+^=7; — n to find the value of x. 

a—b 3a-\-b 

Ans ^^ Q^^'+4&'-12a'& 
3a^-\-ab—ac+bc' 

^. ^. 13a— 7a; 4a— a: a+b ^ , 

24. Given rr — I r= t—cx to find x, 

a-\-b a—b a—b 

lla6-16a'+*" 
Ans. x= 



6^--8a+aV-&V 
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x+az — bx cx — d 

25. Given 7 — = to find x. 

a—b c 

dlb-a) 
c 

^^ ^, a'— 3ftx ,, , 6te— 5a' bx+4a 

26. Given oa: aV=bx-\ ^ 1 — 

to find x. 

_2a(26'-5) 
Ans. X— ^— 3^- . 

a c e g 

27. Given r — f-3 — h- ?-+r-=^ to find the value of x. 

bx ax fx hx 

__adfh-\-bcfh+bdeh-\-bdfg 
^'''' ^"" bdfh • 

ax b cx px—g fx ^ , 

28. Given f-. — h-7-= r to find the value 

m m k m k 

of x. 

hk-{-kq 



Ans, x= 



pk—ak'-mr—cm 



«/. XM. (a-{-b)x X x+1 , ^ , ,, , 

29. Given -^ r — f— « — ii= — n to "^d the value 

a— 6 a —6 a+b 

ofx. 

a— 6 



il«5. a;= 



(a+6)'-(a-ft-l)- 



30. Given -tt— =^16 ?j r— to find the value 

2 3 4 

of rr, 

Ans, x=13. 

^ a*x 

31. Given te— ac=T to find the value of re. 

b—c 

__ abc — a(? + 6crf— c'rf 
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32. Given 6 ^ — = — ^ g— to find tiie 

value of a;. • Ans. x=l. 

QQ n- o 9a;+20 4rc-12 x^ ^ . 

33, Given 2a; gg — =16 gg j ^ "^d a;. 

Ans. x=8. 
In practice, however, it will sometimes be found 
more convenient to multiply first by a multiple of one 
or two of the denominators, and the equation may 
then be susceptible of great reduction before any far- 
ther multiplication is necessary. 
Take the equation 

2a;+ V 13a;~2 x a:+16 
9 17a;-32""4 "36^' 
Multiply first by 36, then 

8^+34- ^?i?^;f =9x-x-16; 



50= 



17a;-32 
36(13a;-2) 
17a;-32 ' 



or 



18(13£-2) 
'^^~ 17X-32 ' 



so that we have but the binomials 17a;— 32 and 13z-2 
to multiply by 25 and 18, respectively, 

25(17a;-32)=18(13x-2), 
or 425a;-800=234a;-36; 

(76.) Any proportion may be converted intp an 
equation by putting the product of the means equai 
to the product of the extremes, 

10+a: 4a:— 9 
34. Given — = — : — = — : : 14 : 5. 
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Multiplying the means together, we have 

8a;- 18. 
Multiplying the extremes together, we have 

10+x. 
These two products are equal to each other ; there- 
fore, 8a; -18= 10 +a; • 

7a;=28 
x=4, the value required. 
Verification : 

^ : 1 : : 14 : 5 
o 

14=14. 

17-4a; 15+2a; 

35. Griven — -z — : — ^ 2a; : : 5 : 4 to find the 

4 3 

value of X. 

Ans. a; =3. 

^ 5a;+4 18-a; 

36. Griven — ^ — ; — z — : : 7 : 4 to find the value 

2 4 

of a;. 

Ans. x=2. 

37. Griven a;+4 : a;— 11 : : 5 : 2 to find the value of a;. 

Ans, a;=21. 

X — 5 

38. Given . : (a;— 5) : : 8 : 9 to find the value of x, 

Ans. x=5, 

39. Given x+6 : 28— x : : 4J : 1 to find the value 

of a;. 

Ans. a; =30. 

40. Given 3a;— 1 : 2a;+l : : 3 : 1 to find the value 
of a;. 

Ans. a;=— K. 
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41. Given 3a :x:: b+5 : x—9 to find the value o{x. 

27a 



Ans. x= 



3a-6-5* 



(77.) The Solution of Problems producing Equa- 
tions OF THE FiR^T Degree, involving but one Un- 
known Quantity. 

Having thus far explained the method of solving an 
equation of the first degree containing one unknown ' 
quantity only, we shall proceed to point out the man- 
ner in which a given problem may be put into an equa- 
tion. We have already observed that an equation is 
the algebraic enunciation of a problem, and, therefore, j 
all that is necessary for the student is to translate the 
problem into algebraic language. 

Every problem includes in its enunciation a certain 
number of conditions, either explicit or implicit, of 
such a kind that, taking the value of the unknown 
quantity, these conditions will be fulfilled. Now the 
value of this unknown quantity can be represented by 
a letter, and the arithmetical operations of the condi- 
tions of the question can be as readily indicated by 
signs as performed numerically, and the indication 
here spoken of constitutes the required equation. To 
become expert, however, in this translation requires 
reflection and practice. We shall give as a guide to 
the student the following 

Rule. 

Represent the unknown quantity by any one of the 
final letters of the alphabet ; then, by means of the aU 
gebraic signs, perform the same operations as xtjould 
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be necessary to verify its value if that value was al- 
ready determined. 

Problems. 

1. Four merchants entered into partnership, the 
amount of capital being $4755. B paid three times 
as much as A ; C paid as much as A and B ; and D 
paid as much as B and C. What did each pay ? 

Here, if we knew how much A paid, the sum paid 
by each of the others could easily be ascertained. 

Let us, therefore, put x=the No. of dolls, paid by A, 
then 3a;= " " " B, 

4a;= " « " C, 

and lx= " " *' D. 

But, by the problem, the whole amount paid was 
S4755. 

Hence a;+3x+4a;+7a;=4755, 

or 15a;=4755 ; 

/. rc= 317=No. of dollars A paid, 
951= " " B " 
1268= " " • C <« 
2219= <* " D " 
results which are readily verified. 

2. Two pedestrians start from the same point and 
travel in the same direction ; the first steps twice as 
far as the second, but the second makes 5 steps while 
the first makes but one. At the end of a certain time 
they are 300 feet apart. How far has each traveled ? 

Put a;=the distance the first traveled ; then, as the 
second takes 5 steps to his one, he would travel five 
times as far, if his steps were of equal length with 
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those of the first, but they are only half as long; hence 
the distance traveled by the second is 

5x 

Now the difference between these two distances is 
equal to the distance they are apart ; therefore, 

Clearing fractions, 5a;— 2a; =600, 

reducing 3a; =600, 

a; =200= distance 1st goes, 

5a; 
and —=500= " 2d goes, 

results which are readily verified. 

3. Given the sum of two numbers equal to 5, and 
their difference equal to rf, to find the numbers. 

Let a;=the less, 

then x-\-d=ihe greater, 

and x-\-x+d=s, by the question; 

or 2a;=5— rf 

a;=^s— ^rf=the less, 
and ^s—^rf+(/=^5+^6/= greater. 

As the results above are independent of any particu- 
lar values attributed to 5 and rf, it follows that, 

(78.) The greater of two quantities is equal to half 
the sum increased by half the difference ; and 

The less is equal to half the sum diminished by 
half the difference. 

These are called formulas ; that is, algebraic enun- 
ciations of particular rules. 

If we put 5=20 and rf=8, the two formulas beoome 
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j5+irf=10+4=14=greater, 
i5-irf=10-4= 6=less. 

4. A fox, pursued by a greyhound, is 60 of his own 
leaps in advance of the dog. He makes 9 leaps while 
the greyhound makes but 6 ; but 3 leaps of the grey- 
hound are equal to 7 leaps of the fox. How many 
leaps must the greyhound make before he overtakes 
; the fox? 

It is manifest, from the enunciation of the problem, 
that the distance which must be traversed by the grey- 
hound is composed of the 60 leaps which the fox is in 
advance, together with the space which the fox passes 
over from the time the greyhound starts until he over- 
takes him. 

Let a;=the number of leaps made by the greyhound. 

Then, since the fox makes 9 leaps while the grey- 

9 3 
hound makes 6, it follows that the fox will make 7; or ^r 

2 

leaps during the time the dog makes 1, and therefore 

3x 
will make -^ leaps while the greyhound makes x leaps. 

We might now suppose that, in order to obtain the 
equation required, it would be sufficient to put x equal 

to 60+-^; but in so doing we would commit a mani- 
fest error, for the leaps of the greyhound are greater 
than those of the fox, and we should thus be equating 
two members related to a different unit. In order to 
remove this difficulty, we must either express the leaps 
of the fox in terms of those of the greyhound, or the 
contrary. By the equation, 3 leaps of the greyhound 
are equal to 7 leaps of the fox ; hence 1 leap of the 
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7 
greyhound is equal to ^ leaps of the fox, and, conse- 

quently, x leaps of the greyhound are equal to -5- leaps 

of the fox. We have, therefore, the equation 

Ix ^^ Zx 

Clearing of fractions, it becomes 

14a;=360+9a;, 
and a;=72. 

Honce the greyhound will make 72 leaps before he 

reaches the fox, and in that time the fox will make 

3 
72X5=108 leaps. 

Verification : 

72x7 
The 72 leaps of the greyhound are equal to — 5— 

t> 

= 168 leaps of the fox = the whole distance. And 

60+108=168= the number of leaps which the fox 

made from the beginning. 

5. A man and his wife usually drank out a cask of 
beer in 12 days ; but when the man was from home, 
it lasted the woman 30 days. How many days would 
the man be in drinking it alone ? 

Let a:=the number of days required. 

Now, as the man can drink it in x days, he can 

drink the -th part of it in a day. 

X 

The man and woman can drink the r^th part of it 
in one day, and the woman o^th part in one day. 
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If vre subtract the part that the woman can drink 
I a day from the part the man and woman both can 
rink in one day, the remainder will evidently be the 
art the man can drink in one day. We shall, there- 
ore, have two expressions for the same quantity, which 
nay be pat equal to each other. Thus, 

12 30"rc* 
Clearing the equation of fractions, we have 
30a:-12x=360, 
[>r 18x=360 

a; =20 number of days required. 

Verification : 

1 

The man will drink the xT:th part in one day. 

Man and woman. ^^th. 

1 

w Oman, 5^: th ; 

115 2 3 1, 

drink in one ; therefore it will take him 20 days. 

6. What number is that whose fourth part exceeds , 
its fifth part by 32 ? i 

7. What number is that from which, if 8 be sub- 
tracted, three fourths of the remainder will be 60? 

Ans, 88. 

8. Two persons, A and B, lay out equal sums of 
money in trader; A gains $630, and B loses $435 ; A's 
money is now diouble of B's. What did each lay out ? 

Ans. $1500. 
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9. Two persons, A and B, have both the same in- 
come ; A saves ith of his yearly ; but B, by spending 
$250 per annum more than A, at the end of 4 years 
finds himself 8500 in debt. What is their income ? 

Am. $625. 

10. A footman agreed to serve his master for j£8 a 
year and a livery, but was turned away at the end of 
7 months, and received only £2 13i\ Ad, and his livery. 
What was its value ? 

Ans. d£4 I65. 

11. A person in play lost -jth of his money, and then 
won 3 shillings ; after which he lost \A of what he 
tlu*n had, and this done, found that he had but 12 
lihillings remaining. What had he at first ? 

Ans. J^ t 

12. A hogshead containing 120 gallons was filled 
with a mixture of brandy, wine, and water. There 
were 10 gallons of wine more than there were of 
brandy, and as much water as both wine and brandy. 
What quantity was there of each ? 

Ans. Brandy 25 gallons, wine 35 gallons, and water 
60 gallons. 

13. One carpenter, 12 journeymen, and four appren- 
tices receive at the end of a certain time $72. The 
carpenter received $1 per day, each journeyman half 
a dollar, and each apprentice 25 cents. How many 
days were they employed ? 

Ans. 9 days. 

14. In a certain orchard, ^d are apple-trees, ^th 
peach-trees, |th plum-trees, y^^th cherries, and 200 
pear-trees. How many trees are in the orchard ? 

V Ans. 1200. 



"-^ ^ • / • ' '■■ , ,^ 
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15 A merohant finds that he has gained by specu- 
lation 15 per cent, on his capital, and that by this 
means it has become $15,571. What was his capital? 

Ans, $13,540. 

16. A farm of 864 acres is to be divided among 
three persons, A, B, and C, so that A's part shall be 
to B's as 5 to 11, and C may receive as much as A 
and B together. How many acres does each receive? 

Ans. A 135, B 297, C 432 acres. 

17. After paying away the fourth and fifth part of 
my money, I had $2.75 left. How much had I at first ? 

Ans. $5. 

18. A person spent the ^ part of his income for 
board and lodging, Jth part in clothes, yV^h in inci- 
dental expenses, and saved $318 yearly. What was 
the amount of his yearly income ? 

Arts. 720. 

19. A certain sum of money is to be divided among 
3 persons. A, B, and C, as follows : A shall have $3000 
less than the half of it, B $1000 less than the third 
part, and C is to receive $800 more than the fourth 
part of the whole sum. What is the sum to be di- 
vided ? and what does each receive ? 

A71S. Whole sum $38,400. 
A receives $16,200, 
B receives $11,800, 
C receives $10,400. 

20. Says A to B, I have a certain number in my 
thoughts: if I multiply it by 7, add 3 to the product, 
divide this by 2, subtract 4 from the quotient, and 15 
will remain. Now what is the number ? 

/ y :/ L ^- Ans, 5, 



;"^ ' 
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At this stage of the student's progress, he might be 
taught a diiTerent method of representing the unknown 
quantity. For instance, 

(79.) Divide a number a into two such parts that 
the first part shall be to the second as m to n. 

Now mx and nx will represent the numbers, what- 
ever may be the value of x. 

For mx : tkc : : m : n. 

If we, therefore, put mx=one part, 
and wa;=the other, 

we shall have mX'\'nx=a, 
or {m-^n)x=a; 

a 



x= 



m-hn 



ma na 

and one is -^. and the other 



m-\-n m-^-fi 

21. The sum of $1200 is to be divided between 
two persons, A and B, so that A's share is to B's as 2 
to 7. How much does each receive ? 

Ans. A receives $266|. 
B receives $933^. 

22. Divide the number 95 into two parts which 
shall be to each other as 8 to 11. 

Ans, 40 and 55, 

23. Two men 150 miles apart set out to meet each 
other ; one goes 3 miles in the time the other goes 7. 
What part of the distance does each travel ? 

Ans, 45 and 105 miles. 

24. A and B began to play ; A with four ninths of 
the sum that B had. After A had won $10, he had 
just the same sum that B had left. What had each 
at first ? Ans. A $16, and B $36. 
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25. A person distributed £5 14s, among some poor 
women and children, giving to each woman 6 shillings, 
and to each chUd 2 shillings. The number of women 
was to the number of children as 4 to 7. How many 
were there of each ? 

Ans, 12 women and 21 children. 

26. The number of days that 4 workmen were em- 
ployed were severally as the numbers 4, 5, 6, 7 ; their 
daily wages being 3 shillings each ; the sum received 
by the first and second was 36 shillings less than 
that received by the third and fourth. How much 
did each receive ? 

Ans. 36, 45, 54, and 63 shillings. 

27. A purse of $5700 is to be divided among three 
persons. A, B, and C ; A's share is to be to B's as 6 to 
11, and C is to have $600 more than A and B to- 
gether. What is the share of each ? 

Ans. As $900, B's $1650, C's $3150. 

28. There are two numbers in proportion of 2 to 3, 
and if 4 be added to each of them, the sums will be 
in proportion of 5 to 7. What are the numbers ? 

Ans. 16 and 24 

29. Divide $315 among four persons. A, B, C, and 
D, giving B once and a half as much as A, C one 
third more than A and B together, and D one fourth 
more than A, B, and C. What is the share of each ? 

Ans. A $24, B $36, C $80, D $175. 

30. Divide 36 into three such parts that ^ of the 
first, ^ of the second, and Jth of the third shall be 
equal to each other. 

Ans. 8, 12, and 16. 

31. A workman was employed for 60 days, on con- 

E 



i 
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dition that for every day he worked he should receive 
15 pence, and for every day he was idle he should for- 
feit 5 pence ; at the end of the time he had 20 shil- 
lings to receive. How many days did he work, and 
how many days was he idle? 

Ans, 27 days worked, 
33 days idle. 

32. A person, after spending $100 more than one 
fifth of his income, had remaining $35 more than one 
half of it. What was his income ? 

Ans. S450. 

33. A farmer had two flocks of sheep, each contain- 
ing the same number. Having sold from one of them 
39, and frbm the other 93, he finds twice as many re- 
maining in the one as in the other. How many did 
each flock contain at first ? 

Ans, 147. 

34. A shepherd being asked how many sheep he 
had, answered, If I had as many more, half as many 
more, and 7^ sheep, I would have 500. How many 
had ho ? 

Ans. 197. 

35. A cistern can be filled by three pipes ; by the 
first in 80 minutes, by the second in 200 minutes, and 
by the third in 300 minutes. In what time will the 
cistern be filled when all three pipes are open at once? 

Ans. In 48 minutes. 

36. Two gentlemen play at billiards; A, before he 
began to play, had $42, and B $24. Each lost and 
won in turn, when A found he had five times as much 
as B had remaining. How much did A win ? 

Ans. $13. 
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37. What capitcd is that which, with 6 years in- 
terest at 4 per cent., will amount to $8208 ? 

Ans. f 6840. 

38. A capital was put out for one year at i\ per 
cent, per annum ; at the expiration of the year there 
was received back, as capital and interest, $13,167 
What was the amount of the capital ? 

Ans. $12,600. 

39. A fortress has a garrison of 2600 men, among 
whom are nine times as many foot soldiers, and three 
times as many artillery as cavalry. How many are 
there in each corps ? 

Ans, 200 cavalry, 600 artillery, and 1800 foot. 

40. Divide the number 46 into two parts, so that 
when the one is divided by 7, and the other by 3, the 
quotients together may amount to 10. What are the 
parts? 

Ans. 28 and 18. 

41. From the first of two mortars in a battery 36 
shells are thrown before the second is ready for firing. 
Shells are then thrown from both in the proportion of 
8 from the first to 7 of the second ; the second mortar 
requiring as much powder for 3 charges as the first 
does for 4. It is required to determine after how 
many discharges of the second mortar the quantity of 
powder consumed by it is equal to the quantity con- 
sumed by the first. 

(80.) Of Equations of the First Degree involving 
two or more unknown quantities. 

We have before observed that an equation is the 
algebraic enunciation of a particular problem {Art, 68). 
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But a problem generally comprehends several different 
conditions independent of one another ; these different 
conditions, being expressed in algebraic language, fur- 
nish a certain number of equations. 

Thus, for example, let us propose 

To find two numbers such that three times the first 
added to the second gives 23, and that five times the 
first added to three times the second gives 45. 

We here find two propositions, each of which ex- 
presses a fact in two different terms. 

1st. The triple of an unknown quantity added to 
another unknown number^ and then the equivalent^ 23. 

2d. Five times the first unknown number increased 
by three times the second^ then the equivalent^ 45. 

These can easily be translated into algebraic lan- 
guage. If we put X for the first, and y for the second 
unknown quantity, they become 

3x+y=23, and 5a;+3y=45, 
two equations independent of each other. 

When two or more equations involving as many un- 
known quantities are independent of one another, they 
are called determinate. 

Had we proposed the question. 

Find two numbers such that three times the first 
added to the second gives 23, and six times the first 
added to twice the second gives 46. This second 
clause would express nothing more than the first, 
since we have only doubled two equivalents. We have 
therefore only one translation, and, consequently, but 
one equation. The question would then be indeterm- 
inate. 

In order that a problem may be strictly limited^ 
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there must be as many independent equations as there 
are unknoum quantities. 

To explain the methods of resolving problems of two 
or more unknown quantities, we shall take one of those 
which have already been solved by means of one un- 
known quantity only. 

Griven the sum of two numbers equal to 5, and their 
difference equal to e^ to find the numbers. 

Let a;=the greater, 

and y=the less ; 

then x+y=Sy 

and x^y=dy 

by addition, 2a;=s+d, 

by subtraction, 2y=s^d, 

We first eliminated y, and then x ; we have there- 
fore two equations, each containing but one unknown 
quantity. 

s+d 
From the first we have a:=— ^, 

and from the second, ^="9-") 

the same as before. 

Elimination. 

(81.) Elimination is the method of combining two 
or more equations containing as many unknown quan- 
tities, in such a manner as to deduce but one equation 
containing but one unknown quantity. 

There are four principal methods of elimination : 

1st. By addition or subtraction. 

2d. By substitution. 

3d. By comparison. 
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4th. By an indeterminate multiplier. 

We shall explain these methods separately. 

(82.) Elimination by addition or subtraction. 

In order to simplify the calculations and avoid the 
inconvenience arising from the multitude of letters 
which must be employed to represent the given quan- 
tities, we shall distinguish by the same letter all the 
coefficients of the same unknown quantity ; but we 
shall affect them with one or more accents, as a', a", 
a'", &c., which are read, a prime j a second^ a thirds &o. 

Any two simple equations, each involving the same 

two unknown quantities, can always be brought to the 

form 

az +by =c .... (1) 

a'z+b'y=& .... (2) 

Where a, a', 6, 6', c, c' may be any numbers what- 
ever, either whole or fractional, positive or negative. 

If now a were equal to a', or b equal to 6', we 
might, by a simple subtraction, form a new equation 
that would contain but one unknown quantity ; the 
value of which might then be readily obtained. 

If we now multiply the first equation by a' and the 
second by a, we shall obtain 

aa'x+a'by=a'c ... (3) 
aa'x+ab'y=ac' ... (4) 
The coefficients of z are now equal, and subtract- 
ing the (4) from (3), we have 

a'by^ab'y=^a'c—ac'^ 
or {a'b''ab')y=a'c—ac' ; 

^aJc^ad 
''' ^"a'b-aV 
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Of, if we multiply the (1) by V and (2) by *, we shall 

have 

ab'x+bb'y=b'c ... (5) 

a'bz+bb'y=bc' ... (6) 
and subtracting (5) from (6), we have 

(a'b-ab')x=bc'-b'c 
_ bc'-b'c 
^'^a'b-ab'' 
The reason why this method is called the method by 
addition or subtraction is that the unknown quanti- 
ties are canceled by addition or subtraction. 

From the above solution we derive the following 
general 

Rule. 

Multiply the equations by the least numbers that 
will make the coefficients of the unknmvn quantity to 
be eliminated equal to each other. 

Then, if the sign of that quantity is the same in 
both equations, subtract ; but if different, add. 

Examples. 
1. Given |- 12=1+8, 

to find. the values of x and y. 

By transposition, we have, from the first equation, 



|-|=20 . . . . (1) 



and from the second. 



^_??^+f=35 . . (2) 
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Clearing these equations of fraotions, and reducing, 
we have 

2a;-y=80 .... (3) 
and 47a;- 18y =2100 ... (4) 

If we now multiply the third equation by 18, there 
will result 

36a:- 18y= 1440 ... (5) 

The signs of the unknown quantity whose coeffi- 
cients are equal, are alike ; we must therefore subtract. 

Hence lla;=660; 

/. a;=60, 
and y=2a;-80 

=120-80 
=40. 
Verification : 

60 40 

-g;- 12=-^+8, first equation, 

18=18. 

60+40 60 ^ 80-60 ^„ 

— ^ 1— o — 8= — -T h27, second equation, 

20+20-8=5+27 
32=32. 

2. Let us now take an example of three equations 
involving three unknown quantities. 
Given 2a;+4y-3z=22, 

4a;-2y+5z=18, 
Qx+ly- 5r=63, 
to find the values of x, y^ and z. 
From the first equation, we find 

22-4y+32r 
.T= -^ . 
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If we substitute tliis value in the second and third 
equations, we shall have 

44- 8p-h6z-2y+5z==l8, 
and 66-12y+92r+7y- z=6S. 

Reducing, ILzr— 10y= — 26, 

and Sz— 5y=3. 

From this last equation, we have 

8z+3 

Substituting this value of y in the preceding equa- 
tion, we obtain 

ll;?-(16;^+6)=-26, 
or 11;?- 16z-6 =-26 

-5z=-20 
z=4. 
Hence ^=7, and x=S. 

This method is called elimination by substitution, 
and may be enunciated as follows : 

(83.) Find the value of one of the unknown quan" 
titles in terms of the others^ and substitute this value 
in the other equations. We shall then have one equa- 
tion less, and continue the same operation until there 
is but one equation, 
3. Let us again take the equations 

ax +by =c .... (1) 
a'x+b'y=& .... (2) 
From the first we have 

a 
and from the second, 



x= 



a' 
E2 
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Equate these two values of Xj we obtain 

~a a^~' 

henoe a'c—a'by^a&'—ab'p 

ab'y^a'by=ac'—a'Cj 
or {ab' — a'b)y=ac' — a*c ; 

•■• ^^ab'-'a'b' 

This is called elimination by comparison^ and may 
he expressed thus, 

(84.) Find the value of the same unknown quantity 
in each of the equations j and equate those values two 
by two. 

Let, as before, the equations be 

ax +by =c 
a'x-hb'y=&. 

Multiplying the first equation by some indetermin- 
ate quantity m, it will become 

amx+bmy=mc, 

and subtracting from this result the second equation, 
we have 

{am—a')x+{bm'-b')y=cm^c'. 

And, since the value of m is indeterminate, we can take 

am— a'=0, 

a' 
or w=— , 

a 

in which case the first term will disappear, and we 

shall have 

a'b , a'c 

b')y=—-c', 
a a 

or {a'b—ab')y=a'c—a&; 



( 
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which is the same value of y as before. 
We might have made 

b' 
or m=-r, 

o 

From which we would have found the value of a; to be 

_ cb'-c'b 

^'^ab'-a'b' 

or, by changing the signs of the numerator and de- 
nominator, 

_ &b-cb' 
^"a'b-ab'' 

This method, given by Bezout, is very simple, and 
possesses the advantage of deducing the values of each 
of the unknown quantities from the same equation. 

Analysts make use of various other methods of elim- 
ination, but the above are most generally in use 

To apply them to any number of equations m, we 
may have the following 

B;ULE. 

(85.) To eliminate one of the unknown quantities, 
combine any one of the equations with each of the 
m— 1 others; we shall then have m— 1 new equations 
containing m— 1 unknown quantities. To elimin- 
ate another, combine any one of the m— 1 equations 
with each of the m— 2 others ; we shall then have 
m— 2 new equations containing m— 2 unknown quan» 
tities. 
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Continue this series of operations until there is but 
one equation containinff one unknown quantity ; the 
value of which may then be obtained, and thence all 
the rest. 

Examples. 

1. Given lla:+3y=100, and 4a;— 7y=4, to find the 
values of z and y. 

Ans. x=8j y=4. 

2. Given x+2y=17, and 3x--y=2, to find the 
values of x and y. 

Ans, a;=3, y=7. 

3. Given 3x+5y=40, and x+2y=14, to find the 
values of x and y, 

Ans. x=10, y=2. 

4. Given ^+6y=21, and ^=23-5a;, to find 

X and y. 

Ans. x=4tj y=3. 

3x-5y 2x+y 
0. Given — ^ — ~ — ^ 3, 

x-2y X y 

and 8 -z — =o+oj 



4 2 '3' 



to find X and y. 



Ans. a; =12, y=6. 



6. Given 3a;+y=22, 

and 11^-^=20, 



5 



to find X and y. 



Ans. x=5j y=2. 
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7. Given 5H — — 



and 



15 10 5 ' 

7rc+6 9y+5rc— 8 a;+y 



11 12 4 ' 

to find the values of x and ^. 

il»s. x=7, y=9. 

8. Given ?^^4+|+a;=8-^+ ^ 



3 - • 2 ' 4 ' 12' 

1 y X 

and g— 2rc+6=g— 2+2, 

to find the values of x and y. 

Ans. a;=2, y=7. 

a;-2 10-a; y-10 



9. Given 



and 



5 3 4 ' 

2y+4 2x+t/ x+13 



3 8 4 ' 

to find X and ^. 

ilws. x=7j y=10. 

,^ ^. 25+5y 7a:~6 . 3rc-10+7y 
10. Given — 7; — tz — =9 



12 



, 96 -8x ^ 14+y 
and — 7; — =ox — 



9 "'*' 3 ' 
to find the values of x and y. 

Ans. x=Sj y=7. 

.. ^. 3x+5y , -„ - , 4a;+7 
11. Given X =^=-^+17=5y4 



and 



17 ' -• ^•s' • 3 ' 
22-6y 5a;-7 a;+l 8y+5 



3 11 6 18 ' 

to find the values of x and y, 

Ans. x=8, y=2. 
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12. Given 2rr+4y-35r=22, 

4a;-23^+5z=68, 
5x+ y-2z=14, 
to find X, y^ and z. 

Am. x=3, y=7, 3r=4. 

13. Given x+ p+ z=29, 

a;+2y+3z=62, 
X if z 

to find the values of Xj y^ and z. 

Ans. x=8, y=9, 5r=12. 

Ill 

14. Given -+-=5 (1) 

re y 8 ^ ' 

111 

-+-=5 (2) 

X z 9 ^ ' 

111 

?+J=xo <=" ^ 

to find the values of re, y, and z. 

If we subtract the second from the first, we have 

1-^=1 (4) 

Add (3) and (4), there will be 

241 
y~360 
41y=720 
y=17ff 

If we subtract (4) from (3), we shall have 

2 31 
z~360 
31z=720 

^=23/t. 
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Sabstitate the value of y in the first equation, we 
have 

1 41 ^1 

720+41a;=90a; 
49a;=720 

Second Solutioru- — If we add the three equations 
together, we shall have 

2 2 2^121^ 
X y z^mo ' 

111 121 
or, by dividing by 2, -+-+-=_. 

Subtracting each equation £rom this in succession, 
there will result 

•• z=23Jr 

H — _1I_ • rr — 14.3* 

x""720 • • ^-^^47. 

(86.) Problems producing Equations op the First 
Degree involving more than one Unknown Quantity. 

The usual method of solving problems of the first 
degree, is to assume as many unknown letters as there 
are unknown numbers to be found ; then, having prop- 
erly examined the conditions of the problem, translate 
fhem into as many distinct equations ; then, by the 
resolution of these equations, according to the rules 



z 


720 


1_ 


41 


y 


720 


1 


49 
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just passed over, the quantities sought will he de- 
termined. 



Examples. 

1. A banker has two kinds of money ; it takes a 
pieces of the first to make a dollar, and b pieces of the 
second to make the same sum. Some one offers him 
a dollar for c pieces. How many of each kind must 
the banker give him ? 

Let a;=the number of pieces of the 1st kind, and 
y= " " " 2d " 

Then, because it takes a pieces to make a dollar, one 
piece will be the -th part of a dollar, and x pieces will 

cc 
therefore be the -th part of a dollar. For a similar 

y 

reason, y pieces will be the -rth part of a dollar ; and 

these two fractions of a dollar make a whole dollar ; 
therefore, 

Clearing the first equation of fractions, it becomes 

If we multiply the second equation by a, we shall 
eliminate y ; or, if we multiply it by 6, we shall elim- 
inate X. The first operation gives us 

hx-\-ay^ah 
ax+ay=^ac ; 
,', ax—bx=ac—abj 
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ac^ab alc^b) 
or x= 1-=-^ — r^- 

The second operation gives us 

bx+ay=ab 
bx+by=bc ; 
.\ ax^by=ab'-bc, 
or (a— 6)y=(a— c)6; 

b(a-c) 

If a=16, ft=8, and c=10, we shall have 

16(10-8) 32 
^~ 16-8 ~8~ 
8(16-10) 48 ^ 
^ 16-8 8 ^' 
fhat is, 6 shilling pieces and 4 sixpenny pieces. 
Verification, 6 shillings =fth of a dollar, 

4 sixpences =ith of a dollar, 
f +i=l, and 6+4=10. 

2. Find what each of three persons, A, B, and C, is 
worth, knowing, 1st. That what A is worth, added to 
I times what B and C are worth, is equal to p. 2d. 
That what B is worth, added to m times what A and 
C are worth, is equal to q, 3d. That what C is worth, 
added to n times what A and B are worth, is equal to r. 

Let a;=what A is worth, 

y= " B " 
z= « C " 
then, by the question, 

x+l(p+z) =jp . . . (1) 
y+m{x+z)=q ... (2) 
z+n{x+y) =r . . . (3) 



) 
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If to and from the first member of (1) we add and 
subtract Ix^ and to and from the first member of (2) 
we add and subtract myy and to and from the first 
member of (3) we add and subtract nz^ these equa- 
tions will become 

{l-'l)x + l{x-{-y+z)=^p ... (4) 
{l—m)y-\-m{X'\'y+z)=q ... (5) 
(l''n)z+n(x-\-y-\-z)^r ... (6) 

From (4) x+j—^ix+yhz)^^^ ... (7) 
From (5) y+j^(x+y+z)=j3^ ... (8) 

From (6) z+j^(n:+y+;^)=3^ ... (9) 
Adding (7), (8), and (9) together, we have 

+1^ (10) 

or 11+^+^+^ j (^+y+^)=^+ «_ 

1—/ 1— w 1—%)^ ' l—l 1—m 



r 



+T^ (11) 



l^n 



P J g J r 



l—l 1—m 1—71 ^^^, 

.-. x+y+z= -J . (12) 

I m n ^ ' 

1—/ 1— m l—n 

Substitute this value of x+y-hz in equations (7), 
(8), (9), and we have 
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a;= 



P 



I 



1-/ 1-/ 



1— / 1— w 1— » 



1-f 



Z 



y= 



m 



1 — 7» 1— W 



1-/ 
^ f 



+ 



W 



l—W 



+ 



n 



(13) 



1-71 J 
r 



1— / 1— w 1— « 



14 



l 



z^ 



n 



1 — n 1 — n 






f 



m 






+ 



n 



(14) 



1-«J 
r 



1— Z 1— TO 1— w 



IH- 



/ 



+ 



TO 



+ 



W 



(15) 



1—/ ' 1—m ' 1— w, 

3. There is a certain number, consisting of two 
figures, the sum of those figures is 5 ; and if 9 be add- 
ed to the number itself, the digits will be inverted. 
What is the number ? 

Arts, 23. 

4. What fraction is that to the numerator of which 
if 4 be added, the value is one half, but if 7 be added 
to the denominator, its value is one fifth ? 

Ans, fV- 

5. A person has two horses and two saddles, one of 
which cost $50, the other $2. If he places the better 
saddle upon the first horse, and the worse upon the 
second, then the latter is worth $8 less than the other ; 
but if he puts the worse saddle upon the first horse, 
and the better upon the other, then the latter is worth 
V times as much as the first. What is the value of 
each horse ? 

Ans. The first $30, the second $70. 

6. What fraction is that whose numerator being 
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doubled, and denominator increased by 7, the value 
beoomes ^d ; but the denominator being doubled, and 
the numerator increased by 2, the value becomes |th? 

Ans, |, 

7. If A and B together can perform a piece of work 
in 12 days, B and G together in 20 days, and A and 
C in 15 days, how many days would it take each 
person to perform the same work alone ? 

Ans, A 20 days, 
B 30 days, 
C 60 days. 

8. A cistern can be filled by three pipes. A, B, and 
C. The pipes A and B can fill it in 8 minutes; A 
and G together in 9 minutes ; and B and C in 10 min- 
utes. How many minutes would it take each pipe to 
fill it alone ? 

Ans, A 14f ^ minutes, 
B 17|f minutes, 
C 23/y minutes. 

9. A person bought 9 horses and 7 cows for $300; 
and afterward, at the same prices, he bought 6 horses 
and 13 cows for the same sum. What was the price 
of each ? 

Ans. $24 price of a horse, 
$12 price of a cow. 

10. Find three numbers such that the first, with 
half the sum of the second and third, shall be 120 ; the 
second, with one fifth the difference of the third and 
first, shall be 70 ; and half the sum of the three num- 
bers shall be 95. 

Ans, 50, 65, and 75. 

11. In 4000 pounds of gunpowder there are 3240 
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Kmnds less of sulphur than of charcoal and saltpetre, 
i760 pounds less of charcoal than of sulphur and salt- 
petre. How many pounds of each? 

Ans. 380 pounds sulphur, 
620 " charcoal, 
3000 " saltpetre. 

12. The two hands of a clock are together at 12. 
At what times will they be together during the next 
12 hours ? 

Ans. 1 5°\, 2 10°ff, &c. 

13. A number is expressed by three figures ; the 

ram of these figures is 8 ; the figure in the place of 

units is five times that in the place of hundreds, and 

when 396 is added to the number, the sum obtained 

is expressed by the figures of this number reversed. 

What is the number ? 

Ans, 125. 

14. Two persons have the same income ; A saves 
one fifth of his yearly ; but B, by spending £50 per 
umnm more than A, at the end of 4 years finds him- 
self dElOO in debt. What is the income ? 

Ans, £125. 

15. Divide the number 10 into three such parts 
that if the first be multiplied by 2, the second by 3, 
And the third by 4, the products shall be equal. 

Ans. 4tV, 3yV, and 2yV. 

16. If A gives B 5 shillings of his money, B will 
bave twice as much as A has left ; but if B gives A 
5 shillings of his money, A will have three times as 
much as B has left. How much has each ? 

Ans. A 13 shillings, B 11 shillings. 

17. A man and his wife usually drank out a cask 
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of beer in 12 days, but when the man was from home, 
it lasted the woman 30 days. How many days would 
the man be in drinking it alone ? 

Ans, 20 days. 

18. There are three numbers such that the second 
exceeds the first as much as the third exceeds the sec- 
ond ; and the first is to the third as 5 to 7 ; also, the 
sum of the three numbers is 324. What are the num- 
bers ? Ans, 90, 108, and 126. 

19. What two numbers are those whose difFerencej 
sum, and product are to each other as ihe numbers 
2, 3, and 5 respectively ? 

Ans. 10 and 2. 

20. Divide the number 90 into four such parts that 
if the first be increased by 2, the second diminished 
2, the third multiplied by 2, and the fourth divided ty 
2, the sum, difference, product, and quotient shall all 
be equal. Ans. 18, 22, 10, and 40. 

21. Divide the number 36 into three such parts 
that i the first, Jd of the second, Jth of the third shall 
all be equal to each other. 

Ans. The parts are 8, 12, and 16. 

22. When a company came to pay their bill, they 
found that if there had been three persons more, they 
would have had a shilling a piece less to pay, and if 
there had been two less, they would have had a shil- 
ling a piece more to pay. Required the number of 
persons, and what each had to pay. 

Ans, 12 persons, and each had 5 shillings to pay. 

23. A person left $28,000 between his son, daughter, 
and niece ; he ordered the son to have $4 as often as 
the other two had $3, and the daughter $4 as often 
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as the other two should have $10. What were the 
shares of eaoh ? 

Ans. Son's share, $16,000 ; 

Daughter's share, $8,000 ; 

Niece's share, $4,000. 

24. A person buys three loads of grain ; the first, 
containing 30 bushels of rye, 20 of barley, and 10 of 
wheat, for 230 shillings ; the second, containing 15 
bushels of rye, 6 of barley, and 12 of wheat, for 138 
shillings ; the third, containing 10 bushels of rye, 5 of 
barley, and 4 of wheat, for 75 shillings. What was 
the price per bushel of each ? 

Ans, Rye, 4 shillings per bushel ; 
Barley, 3 " " «' 
Wheat, 5 '' " " 

25. A field of wheat and rye, which contained 20 
acres, was put to a laborer to reap for 126 shillings ; 
the wheat at 7 shillings per acre and the rye at 5 shil- 
lings. The laborer, falling ill, reaped only the rye. 
How much money ought he to receive ? 

Ans, 35 shillings. 

26. A person has three horses and a saddle, which 
of itself is worth $220 ; now, if the saddle be put on 
the back of the first horse, it will make his value equal 
to that of the second and third ; but if it be put on 
the back of the second, it will make his value double 
that of the first and third ; and if it be put on the 
hack of the third, it will make his value triple that of 
the first and second. What is the value of each horse ? 

Ans, 1st horse =$20, 
2d " =$100, 
3d " =$140. 
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(87.) Discussion of Equations of the First De- 
gree. 

Every equation of the first degree may be reduced 
to the form 

ax+b=cx+d^ 
or, by transposition, ax-cx^d-bj 

_ d-b 

a—c 
In the solution of this equation three different cases 
may present themselves. 

1. d>b and a>c, 

2. fl?<6 and a>c, or d>b and a<c. 

3. rf<6 and a<c. 

The first case offers no difficulty ; in the second and 
third cases, however, the interpretation is not so clear. 
We shall therefore proceed to examine them. 

In the second case it is evident, if rf<6, and a>c, 

the equation 

ax+b=cx+d 
is absurd, for ax and b in the first member are respect- 
ively greater than the two terms ex and d in the sec- 
ond member. We shall then perceive that the problem, 
of which the equation is a translation, is inconsistent. 
In the third case, we suppose that d<ib and a<c. 
Now, as we can not in an arithmetical sense subtract 
a greater quantity from a less, let us further examine 
our first equation. We see that, instead of having 

ax-'CX=d—b, 
we might with equal propriety have had 

cx—ax—b—d, 

b-d 

or x= . 

c—a 
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There is no obscurity now in the value of x. All 
we have to do when a difficulty of this kind presents 
itself is to change the signs of the terms in both nu- 
merator and denominator. 

In the second case, we might have substituted ^x 
for +Xj and we would have had 

—ax+b='-cx+d 
aX'-cx^b^dj 
_ b-d 

If we then modify the question in such a manner as 
to correspond with this new equation, it will no longer 
be absurd. For instance, 

A. father has lived 45 years and his son 15 ; in how 
many years will the father be four times as old as his 
son? 

Let a;=the number of years required ; 

then 45+a;=the father's age at that time, 

and 15+2;=the son's age ; 

.-. 60+4B=45+a;, 
or 3x=— 15 

a;=— 5. 
Verification, 60+(-20)=45+(-5), 
or 60-20=45-5 

40=40. 
We perceive that the value of x then verifies the 
equation ; but how shall we interpret it ? If we sub- 
stitute —a; for +x, as we had a right to do, we should 
have had 

60— 4a;=45— X 
ai;=15 
a;=5. 
F 
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This changes the conditions of the question to the 
following : A father has lived 45 years and his son 15 ; 
how many years have elapsed since the father was 
four times as old as his son ? 

A negative result then shows some incompatibility 
in the enunciation of the question. The language of 
Algebra detects the error, and points out the rectifica- 
tion of the mistake. We may from this establish the 
following general principles. 

1°. When we find a negative value for the un- 
known quantity in problems of the first degree, it 
points out an absurdity in the conditions of the prolh 
lem; but 

The value so obtained, with a positive sign, may be 
considered as the answer to a problem which differs 
from the one proposed in this only, that certain quan- 
tities which were additive in the first have become sub- 
tractive in the second, and reciprocally, 

2°. There are cases in which the negative value has 
still a different interpretation; for instance, in de- 
termining the velocity with which a ball rebounds, v 
represents the velocity which the ball has before im- 
pact ; and if we find the value of the returning velocity 
to be =— V, it shows that the two velocities are equal, 
but in contrary directions (Art. 3). As a further il- 
lusfration of the properties of equations, we shall dis- 
cuss the following problem : 

Two pedestrians are traveling along the same high- 
way, in the same direction, the hinder one goes m 
miles per hour, the forward one n miles per hour ; at a 
certain time of day they are a miles apart. In what 
time will they be together ? 



DISCUSSION OF EQUATIONS OF THE FIRST DEGREE. 123 

Let ^=the time required in hours. 
Then, as the forward one goes n miles per hour, he 
will travel nt miles. 

The hinder one will travel mt miles ; 

or c= . 

1** Now if w>», the value of t will be positive. The 
hinder one will eventually overtake the forward one, 
and the time must be added to the given time. 

2°. If m<w, the value of t will be negative. The 

hinder one will never overtake the forward one ; but 

as they have been traveling along the same road, there 

was a time when they were together, and this time is 

to be subtracted from the given time (Art, 3). 

a 
3®. If w=«, then ^=^; that is, they are a miles 

apart, and both travel at the same rate, they will al- 
ways be a miles apart; ^ is therefore a symbol of 

infinity. 

d 
Resuming the expression ^, we can put it equal to 

CD (Art. 10) ; 

a 

■'■ 0="°- 

Clearing this equation of fractions, we have 

a=OXQo. 

From which it appears that zero, multiplied by in- 
finity, is a finite quantity ; again, dividing both mem- 
bers of this equation by oo, we have 
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-=0; 

•00 

that is, a finite quantity being divided into an infinite 
number of equal parts, each of those parts is zero. 

4®. If a=0, and w=», then 



that is, they are both together, and travel at the same 
rate ; hence they will be together at all times. The 

symbol -^ is then a symbol of indetermination. 

The student is not at liberty to suppose, however, 
that the symbol ^ is always indeterminate. It some- 
times denotes the presence of a common factor, which 
being canceled, the true value may be obtained. 

Suppose that x= — — r-. 

When 6= a, the value of x becomes ^ ; but 

a»-6»=(o+6)(a-ft); 
. la+b){a-b) 
a—b 
=a+b, 

and when 6=a, then x=2a. 

5^. Suppose a=0, and m and n unequal, then 

1^=0; 

that is, if we suppose the two pedestrians to be to- 
gether, and travel at unequal rates, this will be the 
only point in which they can be together. 
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The solation of a problem containing equations of 
the first degree may give one of the four following re- 
sults, viz., positive^ negative^ infinite^ or indetemt" 
inate. 

Op Inequalities. 

(88.) In the discussion of problems it is frequently 
necessary to find the limits of the unknown quantity. 
These limits are obtained by the method of inequalU 
ties. 

An inequality consists of two members separated by 
> or <. The principles explained in the solution of 
equations, for the most part, apply equally to those of 
inequalities. There are, however, some important ex- 
ceptions which it is necessary to point out, in order 
that the student may not fall into error. We shall 
discuss the different transformations in succession. 

1^. If we add the same quantity to or subtract it 
from the two members of any inequality^ the inequali^ 
ty will subsist in the same sense ; that is, if 

a>6, then a+m^b+mj 
or a—myb—m. 

Two inequalities subsist in the same sensCy when 
the greater quantity is in the first member of both, or 
in the second member of both; and, in a contrary 
sense, when the greater quantity is in the first mem- 
ber of the one, and in the second member of the 
other. 

2°. If we add the corresponding members of two or 
more inequalities which subsist in the same sense, the 
resulting inequality will subsist in the same sense as 
they do. 
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Thus, if a>bj 

e>fy 
then a+c+c>6+rf+/. 

3®. But if we subtract the corresponding members 
of two or more inequalities, subsisting in the same 
sense, the resulting inequality will not always sub' 
sist in the same sense as they do. 

For, take the inequalities 

5<8, 3<4, we shall have 
2<4, which is correct ; 
but if we take 11<12 

5<9, we shall have 
ll-5> not <12-9, 
or 6> not <3. 

4°. If we multiply or divide both members of an e«- 
equality by a positive quantity, the resulting in^ 
equality will subsist in the same sense. 

a b 
a>b, then ma>mb, or — >— , 

' mm 

— a b 

^d>—b, then — ma>— w6, or — > . 

mm 

By this means we can clear an inequality of frac- 
tions. 

5°. But if we multiply or divide both members of 
an inequality by the same negative quantity, the re- 
sulting inequality will subsist in a contrary sense. 

Thus, 20>15. 

Now multiply both members by —4, we shall have 

-80<-60. 
Hence, if we change the signs of both members of 
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an inequality^ we must also reverse the sign of the 
inequality itself, 

6®. If both members of an inequality be positive 
m^emberSy we can raise them to any power without 
changing the sense of the inequality. 

Thus, a>b, 

then a">Z»". 

7°. We can also extract the root of both members 
of an inequality without altering the sense of the in^ 
equality. 

Examples. 

1. Find the limit of the value of x in the inequalities 

ax a* 

•-^■\-bx—ab>-^ ... (1) 

bx V 

-= — aa;+a6<-=- ... (2) 

Clearing the inequalities of fractions, we have 

aa:+5te— 5a6>a' ... (3) 
bX'-lax-\-lab<iV . . . (4) 
From (3), by adding 5ab to both members, and fac- 
toring, 

(a+5b)x>{a+5b)a ; 
.•. a:>a. 
From (4), {b-la)x<{b-la)b ; 

.•. a;<6, 
a result which can be verified. In verifying an in- 
equality, if we take a;=the limit, the inequality will 
become an equation. 

2. Find the limit of the value of x in the expression 

X+\X'\-\X>11, 

Ans, x>6. 
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5. Find the limit of the value of a; in the expression 

ia;+3a;-5>16. 

Ans, x>6. 
4. Find the limit of the valae of z in the expression 

Ans. a;>12. 

^ bx ab 

6. Given •o-+^^""«c<2"> 

dx — bd 
and cx-\ ^ — >ftc, 

to find the limits of x, 

Ans. a;<a and x>b. 

6. Given 3a:+7a;— 30>10 to find the limit of z. 

Ans. x>4:. 

7. The double of a number, diminished by 6, is 
greater than 24 ; and triple the number, diminished 
by 6, is less than double the number increased by 10. 
Required a number which will fulfill the conditions. 

Ans. x>15 and a;<16. 

8. What number is that whose half and third part 
added together are less than 105, but its half, dimin- 
ished by its fifth part, is greater than 33 ? 

Ans. Greater than 110, and less than 126. 



CHAPTER ly. 

EXTRACTION OF THE SQUARE ROOT OF NUMBERS. 

(89.) The square root of a number is such a num- 
ber as, being multiplied by itself, will produce the pro- 
posed number. 

Every number may be regarded as composed of a 
certain number of units, plus a certain number of tens, 
plus a certain number of hundreds, &;g. Thus, 27 
contains 7 units and 2 tens ; or, if we represent the 
tens by a and the units by b, we shall have 

27=2 tens +7 units ; 
.-. a+6=20+7. 

If we now square both members of this equation, 
we shall have 

{a+bY={20+7)\ 
(HT a'+2a6+6'=400+280+49 

=729. 

Hence the square of a number composed of tens and 
units consists of the square of the tens^ plus twice the 
product of. the tens by the units, plus the square of 
the units. 

If we reverse this process, we shall find the square 
root of the number. 

We perceive that the square of 10 is 100, the square 
of 100 is 10,000, and so on. Therefore the square root 
of any square number less than 100 consists of one 
figure, and of any square number over 100, and less 

F2 
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than 10,000, of two figures. Hence every two figures 
in the power deinands one figure in its root. 

Therefore, to find the number of figures in a root, 
we must separate the given number into periods of 
two figures eachj beginning at the units place. Then, 
to extract the square root, find the greatest square in 
the left-hand period, and place its root to the left, as 
the first figure of the root; subtract its square from 
the first period, and to the remainder bring down the 
next period for a dividend. 

Divide this new dividend (excluding the right- 
hand figure) by twice the first figure of the root, 
which place to the right of the first figure of the root 
and also to the right of the partial divisor. 

Multiply the complete divisor by the last figure of 
the root, subtract the product from the dividend, and 
to the remainder bring down the next period for a 
new dividend. 

Double the whole root already found for a partial 
divisor, and continue the operation, as before, until 
all the periods are brought down. If the last remain^ 
der is zero, the proposed number is a perfect square. 

If there be a remainder, we have extracted the 
square root of the greatest perfect square contained in 
the number, and have obtained the entire part of the 
root. 

Let it be required to extract the square root of 288. 

288 (16 
1 

26 



188 

156 

32 
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Here we have a remainder greater than the divisor. 
But to show that 16 is the entire part of the root, we 
must prove that the difference of the squares of two 
consecutive numbers is equal to the sum of the num- 
bers. Then, 

If the remainder is less than the sum of the root 
and its next consecutive number, we have obtained the 
integral part of the root. 

Put a=the root, 

and a+l=the next consecutive numher; 

then (a+l)'-a'=a'+2a+l-a" 

=2a+l 
=a+{a+l). 

To extract the square root of a number which is not 
a perfect square to within a given fraction. 

Let a=the number, 

then a may be put under the form 

an^ 
n 

If we put r=the integral part of the root of the nu- 
merator an* J the number an' will be comprised between 

r* and (r+l)% and 

an' (r+iy 

n'^ n' ' 

an* r* 

n n 

r+a 



Ian* 



x/a< 



n n 



Jan* ^ r 

and V --p= \/a>-. 

^ n n 

r+l r 1 



But 



n n n 
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Hence, to extract the square root of a namber not a 
perfect square to within a given fraction, 

Multiply the given number by the square of the de- 
nominator of the fraction that marks the degree of 
approximation ; extract the square root of the prod- 
uct to the nearest unit, and divide the quotient by the 
denominator of the fraction. 

The method of extracting the square root of deci- 
mals is derived from this rule. 

ON THE FORMATION OF POWERS. 

(90.) The powers of any quantity are the successive 
products arising from multiplying that quantity by 
itself The square, or second power, is the product 
arising from multiplying a quantity by itself once ; 
the mth power is the product arising from multiply- 
ing the quantity by itself m—1 times. 

Thus, the first power of a is a'=a, 

" second " a is aXa=a*, 
" third " a is aXaXa^a', 
" fourth " a is aXaXaXa=a*, 
" mth " a is aXaXa 

repeated as a factor m times, or a multiplied by itself 
m—1, and is equal to a". 

If we multiply ±4a*6 by itself once, we shall have 

:^4a'bX^4a'b=16a*b\ 

Hence, in order to square a monomial, we must 
square its coefficient and multiply the exponent of each 
letter by 2. 

We also perceive that, what&0er may be the sign of 
a monomial, its square is positive. 
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■ If we oontinue the maltiplication of :±:4a'&, we 

■ shall have 

f dz4a'b X ±4a«ft±4«'ft"= db64aV 

f =fc4a"6 X dz4a'b±i4a'b±i4a'b=256a'b\ 

f An even power of a positive or negative quantity is 

always positive. For 2in being the form of even 

numbers {Art, 62), we shall have 

Any odd power of a quantity will have the same 
sign as the quantity itself. 

For 2m +1 being the form of odd numbers {Art, 52), 
we shall have 

(dba)'"+^= +a'"X ±a=±a'"+\ 

Case I. 
(91.) To raise a monomial to any power. 

Rule. 

Raise the coejfficient to the given power ^ and muU 
tiply the exponent of each letter by the index of the 
required power. 

Examples. 

1. Required the fifth power of — 2aVy. 
Here (~2aVy)'=-2\a"a;V=-64a^'a;"yS Ans, 

2. Required the fourth power of — o-. 

3. Required the square of AaVc^, 

Ans, 

4. Required the tiiird |Mwer of 5ax*y*. 

Ans, 
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5. Required the fourth power of —Ba^x*^. 

Ans. 

ax* 

6. Required the fifth power of ^j-, 

Ans. 

7. Required the sixth power of — ;p. 

Ans. 

8. Required the seventh power of —bc^cP. 

Ans. 

Expressions with negative exponents are subje( 
the same rules as those with positive exponents. 
Thus, required the fifth power of a"*. 
Here (a-*)*=a"-'S or, by {Art. 43), 

^1 _.. /ly 1 
a* ^ ' \av a" 

9. Required the with power of a°i. 

10. Required the third power of 3a'6~'. 

Ans. 

11. Required the seventh power of a^b'^C*. 

Ans. 

12. Required the zero power ofxy. 

Ans. 

Case II. 
(92.) To raise a polynomial to any power. 

Rule. 

Multiply the polynomial by itself as many i 
less one as is denominated by the index of the pc 
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Examples. 

1. Thus, what is the fifth power of a+b ? we have 
a -\-b 

a' 4- ab 

(a+A)«=a'4-2o6+ft", the 2d power of (a+6). 
a+6 

+ a'ft+ 2gy +y 

(a+6)«=ra'+3a'6+ 3«ft" +6', the 3d power of (a+6). 
a +6 

a*+3a'ft+ 3a'ft'+ o6* 
+ a'ft+ 3a'y+ 3g6'+y 
(a+6)*=a*+4a'ft+ 6aV4- 4aft'+ft*, the 4th power. 
a +ft 

a*+4a*6+ 6a*ft"+ 4a'6'+ aft* 
+ a'b-V 4a'y+ 6g'6'+4ay+ft' 

(a+J)»=a*4-5a*6+10a»ft'+10aV+5aft*+6S the 5th 
power. 

2. Required the square of a+2b. 

Ans, a*+4ab+W. 

3. What is the cube of a^-x" 1 

Ans. a'— 3a*x"+3aV— re*. 
4 What is the fourth power of a+3b ? 

Ans. a*+12a'b+54a'b'+108ab*+81b\ 

5. What is the square of 3a;*+2a;+5 ? 

Ans. 9a;*+12a;»+34a;'+20a;+25. 

6. What is the cube of 3a;— 5 ? 

Ans. 27a;*-13aK»+225a;-125. 
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7. Required the cube of a;*--2a;+l. 

8. Required the square of a+b+c+d, 

Ans. a'+V'\-c^-\-d?+2(db-{'ac+(id+bc+bd+c<I). 

From Example 8 we infer that the square of any 
polynomial is composed of the sum of the squares of 
all the termSy together with twice the sum of the prod- 
ucts of all the terms multiplied together two and two, 

(93.) Extraction of the Square Root of Monomi- 
als, AND the Calculus of Radicals of the Second 
Degree. 

The square root of any algebraic quantity is that 
quantity which, being multiplied by itself will pro^ 
duce the proposed quantity. 

We have seen {Art, 90) that, in order to square a 
monomial, we must square its coefficient, and multi- 
ply the exponent of each letter by 2. Hence, in order 
to extract the square root of a monomial, we must 

Extract the square root of its coefficient, divide the 
exponent of each letter by 2, and prefix the double 
sign of plus and minus. 

As a fraction is squared by squaring the numerator 
and denominator separately, therefore, to extract the 
square root of a fraction which is a perfect square, 

Extract the square root of its numerator and de^ 
nominator separately. 

A monomial is a perfect square when its coefficient 
is a perfect square, and the exponent of each letter is 
an even number. 

An even root of a negative quantity is an imagine 
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ary expression. Such quantities may be represented 
ty the form -/a-/—!. 
When an imperfect square is introduced, it is afTect- 

ed with the radical sign V . Such an expression is 
called a radical of the second degree. It is the indi' 
cated root of an imperfect square; and, although its 
root can not be obtained exactly, still the expression 
may frequently be simplified. For we have 

y/XX y/X={y/Xy = X 

Vxyx Vx!/={VxyY=xy, and VaX V6= Vab 

y/ax y/bX y/cX y/d= Vabcd 

{y/aX y/bX y/cx y/ d)^ = { VobcdY = abcd. 
Hence, the product of the square roots of any num* 

her of factors is equal to the square root of the prod' 

uct of those factors. 

We may, therefore, write 

VT6a^= V16a'Xx= VlMx Vxj 

but Vl6a^=db4a; 

.'. Vl6a*x=do4ay/x, 



Agam, 5 V 192a*b'c=5 V6^a'b' X 3ac 



=:5V64a'b'xV3ac 



=6x=fc8a6V3ac 
=±40abWSac 



4 V 1024a^ft V=4 V1024a'b'c'xab 

=4x=fc32a'ftVVa6 

=±128aVcV^. 
(94.) The quantity which stands without the radi- 
cal sign is called the coefficient of the radical ; and 
when there is no coefficient, the unit is always under- 
stood. 
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From the preceding, to simplify a radical of the seo- 
ond degree, we derive the following 

Rule. 

Decompose the quantity under the radical sign into 
two factors^ one of which shall be the greatest per- 
fect square. Extract the square root of this per- 
fect square^ multiply the root by the coefficient of the ' 
radical^ and under the radical sign write the other 
factor. 

Examples. 



1. Reduce 3a v4x^--4aV to its simplest form. 

3a V4a;*-4aV=3a ^/Ax\z-Q^) 

=±6aa;Va;— a', Ans, 

2. Reduce 2 V150a'6'c to its simplest form. 

3. Reduce 7 V567a*b*c* to its simplest form. 

Ans. 

4. Reduce V300a*b*c*d to its simplest form. 

Ans, 



5. Reduce ^V605x*y*z* to its simplest form. 

Ans, 

6. Reduce 6 V432a*a; V to its simplest form. 

Ans, 

7. Reduce 2a VdASmx'z^ to its simplest form. 

Ans, 

8. Reduce V6a'+a'b to its simplest form. 

Ans, aV6+b, 

9. Reduce 7 V243a*b'c to its simplest form. 

Ans, 
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10. Reduce 8 V108a'6* to its simplest form; 

Ans. 
When the terms under the radical sign are frac* 
tonal, it is hotter to make the denominator a perfect 
iquare. 

/go" 

11. Reduce Yyj= to its simplest form. 

Vl47=V44l=V44l^^=21^^- 

/2 

12. Reduce ^y ^ to its simplest form. 



13. 



n/1.0 



Ans, « V6. 



Reduce y -r^r to its simplest form. 



14. Reduce y -= to its simplest form. 



Ans. T7^ v^. 



Vfto 



Ans. -rVlS. 
o 



15. Reduce y ^^ to its simplest form. 

Ans. 



16. Reduce y ^ to its simplest form. 



1 — 

Ans. T-ZW. 
4 



17. Reduce V 57 ^ ^ simplest form. 



Ans. q'/lS. 
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/54 
18. Reduce yjj^ to its simplest fonn. 



147 



Am. = V2. 



/2a" 
19. Reduce y -jr- to a simpler fonii. 



Am. 7^V6. 



/I47 
20. Reduce y -gj« tp a simpler form. 



7 

DO 

(95.) Tm?o radicals of the second degree are stmu 
lar when the quantities under the radical sign are 

1 3 ^ 

the same in both. Thus, o\/6 and tkx/S are similar . 

radicals. So are 5V7 and Q^f7. 

If we put the v/7=a;, the above will become 5x and 
6a;, and their sum = lla; ; or, by replacing the value of 

a;, we have 11 V7, and their difference = V 7. 

Hence, to add or subtract similar radicals, we have ' 
the following 

Rule. ^ 

For addition, j 

Add the coefficients^ and to their sum annex the 
common radical. 

For subtraction, 

Subtract the coefficient of the subtrahend from the 
coefficient of the minuend^ and to the remainder annex 
the common radical. 
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When the radicals are dissimilar, reduce them to 
imilar radicals (if possible), and proceed as above. 
S they can not be so reduced, they must be connected 
by the proper signs. 

Examples. 

/3 /147 

1. Required the sum of y -^ and y -^j^. 

Here\/|=\/-^=Jvi5, 

~ '~ 7 

845 ^ 169'^5 13V 6 13^ 25 13 

X^V"i5=glvi5; 

then ^•154V15=Q4^)^/I5=1V15^ 

2. Required the sum of '/27 and •/48. 

Ans. 7 V3. 



ud 



/147^ 749 3^7 /3^^. /l5^ 



3. Add together V72 and Vi28. 

Ans. 14 V2. 

4. Required the sum and difference of 

a/406 and V180. 
Ans. Sum=15 V5, diff. =3 V5. 

(96.) The product of two radicals of the second 
degree is equal to the square root of the product of 
ike quantities under the radical signs. When there 
are coefficients^ place their product for the coefficient. 

The quotient arising from dividing one radical by 
another is equal to the square root of the quotient of 
the quantities under the radical signs. 
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W%en the radicals have coefficients^ their quotient 
is the coefficient. 

Examples. 

1. Multiply ^V g by gV ^. 

Here 7X^=5= coefficient, 

4 6 8 

5 /7 

■ ' fi » Q=the prodaot. 

But by simplifying, we have 

2. Divide |\/! by |\/|. 

Here 7-T-7:=77^=coefficient, 
4 6 10 

and X/!^X/!=VQ=V1 




^8*^9 ^8*9 ^64 ^ 64^^ 8 

3. Multiply V g by V^- ^«*- 3- 

4. Multiply 5 x/8 by 3 x/5. _ 

iln*. 30 Via 

5. Divide 8V18 by 2 V3. 

Ans. 4 V6. 



.t 



i 
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6. Divide 21 VTO by 3 V5. A^ns. 1 y/2. 

(97.) We have seen how a radical of the second de- 
gree is reduced to a simpler form. We shall now show 
in what manner the coefficient of a radical can be put 
under the radical sign. _ 

Take the expression 5xV3i/j 

we may write 5a;= V^5s? ; 

then 5x V3p= V25x^X V3y= V25x'x3y= V75a;y 

Hence, to pass the coefficient of a radical of the 
Kcond degree under the radical sign, we must square 
it, and multiply it by the quantity under the radical 
sign. 

The object of this transformation is to obtain an ap- 
proximate value of the radical. 

Another transformation is extensively used ; that is, 
to render the denominator of a fraction of the form 

a a . 

or 



y/b+y/C y/b—y/C^ 

in which b and c are imperfect squares, rational. 
If we multiply both members of the first by y/b— y/c, 

or the second by Vb+Vc,we shall effect the purpose ; 
£>r the product of the sum and difference of two quan- 
tities is equal to the difference of their squares. 

^ ^ ay/b—ay/c . ay/b+ay/c 

Therefore r and 7 

ft— c b—c 

are the quantities with rational denominators. 

Examples. 

1. Reduce — == =r- to a fraction having a ra- 

V15+V6 

tional denominator. 
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3 /i5-4 V'5 ^ {2 V15-4 V5){ Vl5- V5) 
*'* V1B+V5 ( V15+ V6)( Vl5- VT) 

65-7 V75 
~ 15-5^ 
13-7 V3 



For 7\^75=7V25x3=35v'3. 

3 

2. Reduce -j= — == to a fraction having a raticmal 

vo—Vx 

denominator. 

. 3V5+3Vx 

Ans. 5 . 

o—x 

3. Reduce „_ ~ to a fraction having a rational 

denominator. 

^ 3V^+2 i 
Ans. — = — . 3 

The object of ihe preceding transformation is to ob- 
tain the numerical value of the fraction to a greater 
degree of exactness. I 

4. Find the value of — == = to within .001. 

5V12-6V5 

3+2 V7 _ (3+2\/7)(5VT2+6V^) 



5V12-6V5 (5V12-6V5)(5V12+6V5) 

15 V12+18 VB+IO V84+12 Vl5 
~ . 300-180 

_ ■/2700+VI620+ V8460+ VSOP 

~ 120 

51.96+40.24+91.60+70.99 

120 
=2.123 
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5. Find the value of — = — 7=. Ans. 0.5595. 

V7+V3 

94-2 VTO 

6. Find the value of \^ ,—, . Ans. 5.7278. 

9-2 VIO 

7V5 

7. Find the value of -— == j=. Ans, 3.1. 

V11+V3 

/3 /S 

8. Find the value of V "Fj or its equal --=. 

^ 5' ^ V5 

Ans. .77. 
(98.) To raise a radical to any power. 

Let us take the af and raise it to the nth power, 

we have orxxTXaT .... to » factors =a;", = Vx\ 
Hence we have the following 

Rule. 

If the radical has a coefficient, raise it to the given 
power; then raise the quantity under the radical sign 
to the given power, and affect this quantity with that 
radical sign having the original index. 

1. What is the cube of J V2ax ? 

Here (J)*=i and (^/2aa;)•=(2aa;)^=2aa;x(2aa;)*; 
•'• (4 V2aa;)'=iaa; V2aa;, Ans. 

2. Find the square of Va— V6. 

^/a— ^/6 
y/a—y/b 

a— -Jab 

— '^ab'^-b 

a— 2Va6+ft, Ans. 
G 
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3. Find the square of 3 V^. 

Am. 9V9. 

4. Find the fourth power of — Va*. 

Ans. a'Vo*. 
6. Find the cube of a— Vb. 

Ans. a*-3a* Vb+3ab-b y/~b. 

6. Required the square of 3+ y/S. 

Ans. 14+6 VS. 

7. Required the square of V6*+2j*. 

Ans. Vb*'\-x\ 



8. Required the square of j!>— V—q. 



Ans. p^—ip V —q—q. 

(99.) To reduce radicals to a common index. 
Let us take y/a and S/b^ and reduce them to a com- 
mon index. 

1 1 

Here y/a=c^ and Vb^b^. Now the fractions \ 

and \y reduced to the least common denominator, are 
I and f ; therefore 

3 9 

y/a=a^ and V6=ft^; 

.'. Va* and V6' are the radicals required. 
Hence we have the following 

Rule. 

Reduce the indices of the given quantities to frac- 
tions having the least common denominator ; raise 
the quantities under the radical sign respectively to 
the power denoted by the numerator of its index, and 
place the common radical over each of them. 
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1 1 

1. Reduce a^ and a^ to the same radical sign. 

Ans. Va^ and ¥x\ 

1 1 

3. Reduce c^ and b^ to radicals having the same 

index. 

Ans. l/Hr and "T^^. 

3. Reduce Va and Vb to radicals having the same 
index. 

Ans. ¥a' and W. 

4. Reduce 3 V2 and 2'/5 to radicals of the same 
index. 



A«5. 3V4and2Vl25. 

5. Reduce Vxy and Vaa; to radicals having the 
same index. 



Ans. ^xY and '^^a'x\ 

(100.) Extraction op the Square Root of Poly- 
nomials. 

If we consider the polynomial whose root is to be 
extracted, as arranged according to the highest or 
lowest power of a certain letter ; then, if the polyno- 
mial is a perfect square, its first term will be a perfect 
square, and Hie square root of the first term will be the 
first term of the root. 

Let us suppose P to be the polynomial thus ar- 
ranged, and that r', r", r"', &o., are the successive 
terms of the root ; then 

=r''+2rV'+r"'+2rV"+2r'V'"+r"''+, &o. 
By transposing r'* to the first member, and putting 
P-r"=R', we have 
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If we now divide the first term of the second mem- 
ber by 2r', we obtain r". 

Again, transpose 2rV+r"% or its equal (2r'+r")r", 
to the first member, 

R'-(2r'+r")r"=2r'r'"+2r'V"*+r'"'+, &c. 

We may put the first member equal to R" ; we shall 
then have 

R"=2rV"+2r'V'"+r'"'+, &c. 
Dividing by 2r', we obtain r'" ; and, by trsmsposing, 
2rY"'\-2r"r'"+r'"\ or its equal (2r'+2r"+r'"), we 
have 

R"-(2r'+2r"+r'"y =, &o., 
firom which we derive the following 

Rule. 

Arrange the polynomial with reference to a certain 
letter y then extract the square root of the first term 
on the left of the polynomial for the first term of the 
root ; subtract its square from the given polynomial. 

Divide the first term of the remainder by twice the 
first term of the root for the second term of the root. 

Multiply twice the first term plus the second by the 
second^ and subtract the product from the first re- 
mainder. 

Divide the first term of this remainder by twice 
the first term of the root for the third term of the root. 

Multiply twice the first term plus twice the second^ 
plus the third by the thirds and subtract the product 
from the second remainder. From which another 
term of the root may be obtained. 
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When the first term of any one of the remainders is 
not exactly divisible by twice the first term of the 
root, the polynomial is not a perfect square. 

Examples. 

1. Extract the square root of 4a;*4"6a;*+22j2j'+152J 
+25. 

42;*+6a;'+22i2;'+15a;+25 
4rc* 



R/ = 6a;«+22ia;'+15x+25 
6x'+ 2irc« 



R"= 20a;" +15x+25 

20a;* + 15a: +25 



2x'+ 


^x+5 


4a;' + 
fa; 


|x 


4x'+ 3x+5 
5 



20a;' + 15a; +25 



R'"= 0. 

2. Extract the square root of a;*+4aa;'+6aV+4aa;' 
+a\ 

Ans, a;*+2aa;+a'. 

3. Extract the square root of a*— 2a'+-f a'— ^a+y'^. 

Ans, a'— a+^. 

4. Extract the square root of 4a*+12a*a;+13a*a;* 
+6aa;*+a;*. 

Ans, 2a'+3aa;+a;'. 

5. Extract the square root of 9a;*+-12a;*+34a;'+20a; 

+25. 

Ans, 3a;'+2a;+5. 

6. Extract the square root of a' + 2a6 + 6' + 2ac 
+2ftc+c'+2arf+26c?+2cc?+-cP. 

Ans, a+6+c+(/. 

7. Extract the square root of a* — 6a*a; + 15aV 
-20aV+-15aV-6aa;*+a;'. 

Ans. a*— 3a'a;+3aa;*— a;'. 
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8. Extract the square root of a* 4- 12a*6 + 54a*y 
+10Sab'-h81b\ Ans. a'+6aA+96'. 

9. Extract the square root of a'4-2a6+6'+2ac+26c 
+c'. Ans. a+b+c, 

10. Extract the square root of a* — 2a'a; + 3aV 
r-2ax*+x\ Ans. a^—ax+x*. 

11. Extract the square root of a;'4"2x^+^'+6a;2r 
+6y2r+92r'. Ans. x+t/+3z. 

12. Extract the square root of x*+4x*+2x*+9x* 
-4x4-4. Ans. x*+2a:'— a;+2. 

13. Extract the square root of 16a* + 24a' + 89(i* 
+ 60a + 100. Ans. 4a' + 3a + 10. 

14. Extract the square root of x*+4ar'^+4^'— 4x' 
-8y+4. Ans. x'+2y-2. 

15. Extract the square root of 1 — 4rc + 4a;*+2y 
— 42;^+y*. Ans. 1— 2a;+y. 

16. Extract the square root of 4a*— 4a' + 13a'— 6a 
+9. Ans. 2a'-a+3. 

17. Extract the square root of 4a* — 16a' + 24a' 
-16a+4. Ans. 2a'-4a+2. 

(101.) A binomial can never be a perfect square. 
For the square of a monomial is a monomial, and the 
square of the least polynomial is a trinomial. But 

A trinomial is a perfect square when, beings ar- 
ranged, its first and third terms are perfect squares, 
and its second term is equal to twice the product of 
their square roots. 

Hence, to extract the square root of a trinomial 
which is a perfect square. 

Extract the roots of the two extreme terms, and 
unite them by the sign of the second term. 
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When a polynomial is not a perfect square, the 
expression for its square root may frequently be sim- 
plified by the rule for simplifying a radical of the sec- 
ond degree. 

Thus, take the expression 



v^ 



xy 
x*y-x'y+-^. 

We can decompose this into two factors 

^/x''-x^\-\x Vxy^ 
and by extracting the root of the perfect square, we 
shall have 

(x—l) ^~xy. 
(102.) To extract the nth root of a polynomial. 

Rule. 

Arrange the polynomial according to the powers 
of one of its letters, so that the highest power of that 
letter shall be the first term; extract the nth root of 
this first term for the first term of the root. 

Subtract the nth power of this first term of the root 
from the given polynomial, and divide the first term 
of the remainder by the first term of the root raised 
to the n— 1 power, multiplied by n, for the second 
term of the root. 

Subtract the nth power of the algebraic sum of the 
terms found from the given polynomial, and, using 
the same divisor, continue the process until all the 
successive terms of the root are found. 

Examples. 
1. What is the cube root of 
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rc*+2a;-4 



x'+6x'-4t0x'+96x -64 

X' 



Divisor, 3a;* 6rc»-40rc«+96a; -64=lst rem. 



x'-6x*+123i'+ 8x' =^{af+2xy 



3x* -12rc*+88«*-64=2d rem. 



a;'+6a;*-40a;'+96g -64 

0? 

2. What is the fourth root of 

16a*— 96a»«-|-216a»a:«— 216aa!»+8Lr*|2a— 3£ 

16g* 

4 X (2a)»=:32a» | —96a*x 

16a«^96a»a;+21 6««a?*— 216aa;»+81a:* ? 

3. What is the cube root of 

a;'-62J*+15ic*-20a;'+15x'-6a;+l ? 

Am. a;*— 2a;+l. 

4. What is the fifth root of 

32aj*-80rc*+80a;*-40aj'+10x-l? 

Ans. 2a;— 1. 

To apply this general rule to the extraction of the 
cube root of numbers, we must point off the given 
power into periods of three figures each, beginning at 
the unit. Thus, extract the cube root of 12167. 

12167(23 
a=2 .-. a*= 8 



Divisor, 3a'=12 41 



12167= (23)'. 



CHAPTER V. 

EQUATIONS OF THE SECOND DEGREE. 

(103.) If an equation, when cleared of fractional ex- 
ponents, contain only the first power of the unknown 
quantity, it is called an equation of the first degree. 

If the unknown quantity rises to the second power f 
it is called an equation of the second degree. 

If the equation contains two unknown quantities, it 
is of the second degree when the greatest sum of the 
exponents with which the unknown quantities are af- 
fected in any term is equal to 2. 

(104.) Equations of the second degree are divided 
into two classes, complete and incomplete, 

Pl complete equation involves the first and second 
powers of the unknown quantity and known terms. 

An incomplete equation involves the second power 
of the unknown quantity only and known terms. 

(105.) An incomplete equation can always be re- 
duced to the form 

and has, from this fact, sometimes been called an equa- 
tion of two terms, or a binomial equation. 

Thus, $+3a;'=5a;'-^-170, 

o 10 

when cleared of fractions, and transposed, becomes 

17a;' =1700, 

or a;'=100. 

G2 
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We find no difficulty in solving equations of this 
form, for 

If a is a perfect square, as in the example above, then 

rc=±10. 
If a is not a perfect square, it must be reduced to 
its simplest form {Art, 94). 
That in the equation 

. a;'=a, 
X may be equal to +a or —a, is evident, for if we 
transpose a to the first member, we shall have 

re'— a=0. 

But the first member may be put, by factoring it, 
under the form 

(x+ ^/a) (x— ^/a)=0. 

Now, when the product of two factors is equal to 
zero, the factors themselves may be put each equal to 
zero, so we shall have 

or a;= — ^a, 

and x— -v/a=0 ; 

Again, if we have the equation 

where w is a positive quantity, then 



= dbVwX V — 1. 

Therefore the two roots of an incomplete or bino- 
mial equation are either both real or both imaginary. 
(106.) If the value of the unknown quantity be sub- 
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stituted in the equation, it will verify the equation ; 
that is, it will make the first member equal to the 
second. 

In an incomplete equation of the second degree 
there are two values of the unknown quantity nu- 
merically equal to each other, but with contrary 
signs. 

1. Let us take, as an example, 

V {a+x)+ V ((i'-x)=b to find the value of x. 

By transposition, we have 

V(a+x)=6-V(a-a:). 

If we cube both members of this equation, we shall 
have 

a+x=b*-3b*\/{a-x)+3bV{a'-xy-'{a-x). 
Transpose and reduce, we obtain 

3b'V{a'-x)=b'+3bV(a-xY'-2a. 
Divide by b, 

36V(a-rc)=^^^+3V(a-a;)'. 

If, in the fir'fet member of this equation, we substi- 
tute for b its value in the original equation, we shall 
have 

SV(a'-x')+3V{a-xy=^^^+SV{a-xy. 

The second terms in each member cancel each 
other, and 

s// • ,v ft'— 2a 
or V(a«-a;')=--3^. 

Now, by cubing both members, we have 



or 
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. . f b'-2a y 

,. a;=±\/a'-(^). 

2. Take, as a second example, 

V"o*=x'+a;^/(o•-l)=aV(l-«•) 
to find the value of x. 

By transposing the second term, we have 

v/(a'-a;') =aV(l-a;') -a; V^*^- 
Squaring both members, gives 

a*-3^=a'-a'x'-2a'x V (1-a;') (a'-l)+oV-«*. 
By transposition and reduction, 

2xV{l-x*){a'-l)=a'-a'si^-l+a^. 
The second member, factored, becomes 

(a'-l)(l- a;'); 

Squaring both members of this equation, we obtain 

Divide both members by (a*--l)(l— re'), and we 
have 

4a;'=(a'-l)(l-rc'), 
or '^42J*=a'— a'rc+rc*— 1; 

then 3a;'+aV=a'-l, 

or (3+a')2;'=a'-l 



X'= 



3+a 



3 7 
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8. Take the example a'+a;'= Vb*+x* to find the 
value of X. 

Square both members, and we have 

Transpose and reduce, 

2aV=ft*-a* 



'-' ^==^V -2^- 
(107.) Hence, for the solution of an incomplete 
equation, we have the following 

Rule. 

If the equation contains but one radical quantity y 
transpose all the other terms to one member ; then in- 
volve both members to the power indicated by the in- 
dex of the radical. 

If there is more than one radical sign over the 
quantity y the operation must be repeated; and if there 
are several radical quantities^ let the most complex 
.form one member of the equation by itself and then 
proceed as above. 

Examples. 

9 9 

1. Q-iven ^Vq — '"oZo""^^ *^ ^^ ^^^ value of x. 

Ans. a;=±^. 
o 

2. Given Y -37+ y 4,1 ^^ ^ ^^ *^® value of x. 

Ans. a;==t:-7===. 
V a — 4 
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3. Given Va+x-{- Va—x=^b to find the value of x. 

Ans. a;=±^V4a— 6'. 

4. Q-iven Va^+ax^a-- Va^-^ax to find the value 
of re. 

Ans. x=^^V2. 

^ ^. V9^-4 15+ V9 ^^ ^ ,^, , ^ 

5. Griven —7= — — = — 7= — to find the value of x. 

Vx+2 Va;+40 

Ans. x=4. 

Oft 

6. Given y/x+ Va;--9= . to find the value of re. 

Ans. re =25. 

7. Given •/«+ Vx= Vax to find the value of x. 
Divide each term of the equation by Vrc, we have 

--=+l=Va, 
vrc 

or -== V a— 1 

Vx 

^/a=^/rc(^/a— 1), 



or y/X 



Va-i 



a 
x= — ==- 



(Va-l)' 

(108.) If the equation can be reduced to the form 
Va;=a, then the value of x can be found by raising 
both members to the wth power, as in example 7 above. 

(109.) When the equation can be reduced to the form 



m 

x^'^^a. 
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First involve both members to the nth power ^ and 
then extract the rath root ; or first extract the lath 
root, then involve to the nth power. 

8. Given ic^4-y*=13 ) . n . .. , . , 

, ^, > to find the values of x and y. 

Squaring the second equation, we have 

but x^ 4-2;^=13. 

Subtract, 2a;V=12. 

Subtract this equation from the first equation, 

and extract the square root of both members, 

1 1 

but x'+p^= 5 ; 

.•. by addition, 2x^= 6 or 4, 

or x^= 3 or 2 ; 

.-. X =27 or 8. 

If we subtract instead of adding, we shall have 

2y*=4 or 6, 
1 
or y^=2 or 3 ; 

.-. y =8 or 27. 

If the value of re be taken 27, then y=8, or if a;=8, 
then y=27. 

9. Q-iven x^—xy' —x*y +t/*= Sxy ) to find x and 

x'-xY-xy+y'=4SxY ) y. 
Dividing the second equation by the first gives 
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but (1), x*—x*y—xy*+y*= 3xy. 

Adding, 2x'+ 2t/'=18xy, 

or x*+ y'= 9x1/. 

Subtracting, 2x^1/ + 2xi/* = 12a;y , 

or x*y+ xi/*= 6xy, 

or xy{x+y)= Qxy^ 

or x+y= 6. 

Cubing both members of this last equation, 
have 

a;'+3a;V+3rcy'+y'=216 ; 
but x^ +y^=9xy. 



Subtract, 


3x'p+3xp*=216-9xy. 


Factoring 1 


bhis first member gives 




3{x+p)xy -216-9xy. 


But 


x+y=6; 




.-. 18a:y=216-9rcy, 


or 


27a;y=216 ; 




.-. xp=8. 


Again, 


x'+2xy+y'=36, 


and 


4:xp -32. 


Subtract, 


x'-2xy-hy'-^4. 


Extracting 


the square root of both members, we 


tain 




^ 


a;--y— ±2; 


but 


x+p=6. 


By addition. 


2rc=8 or 4 ; 



.'. a;=4 or 2. 
And by subtraction, 2y =4 or 8 ; 

.-. p=2 or 4. 
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r. \ to find the value of x and y. 
r=6 ) ^ 



10. Given 3a;+3y=5a; 

xy- 

Ans. rc=±3, y=dt2. 
13 



11. Q-iven x*+y*= 



x—y 

6 

xy= 

x-y) 



> to find X and y. 



Ans. x=3 or —2, 

y=2 or -3. 

12. Given af+xy= 6 ) ^ , 

, , f f to nnd X and ^. 

y^+xy=-5 ) ^ 

Ans. rc=±6, y=ip5. 

Problems. 

1. There are two numbers which are in the propor- 
tion of 3 to 2, the difference of whose fourth powers 
is to the sum of their cubes as 26 to 7. What are the 
numbers ? 

Let 3a; and 2x represent the two nrunbers. 

Then 65a;* : 35a;' : : 26 : 7, 

or 13a; : 7 : : 26 : 7 ; 

.-. 13a;=26, 
and a;=2 ; 

hcDce the numbers are 6 and 4. 

2. The sum of the cubes of two numbers is 35, and 
the sum of their ninth powers is 20195 What are 
the numbers ? 

Let X and y represent the numbers. 
Then a;'+y=35, 

and a;»+y'=20195. 

Dividing the second equation by the first, member 
l)y member, we have 
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and, squaring the first equation, 

Subtracting, 3a;y=648, 

or rcy =216 ; 

.'. xy=6. 
If we now subtract rcy from the first member of 
equation (3), and its value, 216, from the second mem- i 
ber of the same, we shall obtain 

a;*-2rcy+y"=361, 
and, extracting the root of both members, gives i 

but a;*+y'=35; 

.-. 2z«=64 
a;'=27, 
and X =3. 

If we subtract, we shall have 

2y'=16 

P=2. 

3. Find two numbers such that the product of the 

greater and square of the less may be equal to 36, 

and the product of the less and square of the greater 

may be 48. 

Ans. 4 and 3. 

4. What number is that whose half, multiplied by 

its third part, gives 864 ? 

Ans. 72. 

5. What two numbers are as m to 7», the difference 

of whose squares is a .^ _ 

mVa , nVa 
Ans. . and 



^Im^^ff Vi»*— ff' 
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6. A certain capital is put out at 4 per cent. ; if we 
multiply the number of dollars in the capital by the 
number of dollars in the interest for 5 months, we ob- 
tain 117041f . What is the capital ? 

Ans. $2650. 

7. Find three numbers such that the product of the 
first and second is 6, that of the first and third is 10, 
and the sum of the squares of the second and third is 
34. Ans. 2, 3, 5. 

8. What two numbers are they the sum of whose 
squares is a, and the difference of whose squares is b? 

Ans. \/i(a+6), 
Vi{a-b). 

9. There are two numbers whose product is 300, 
and the difference of their cubes is thirty-seven times 
the cube of their difference. What are the numbers ? 

Ans. 20 and 15. 

10. Find two numbers in the proportion of m to «, 
the sum of whose squares is a. 

Ans. , : . and 



11. What two numbers are as 8 to 5, the sum of 
whose squares is 801 ? 

Ans. 24 and 15. 

12. A and B carried one 100 eggs between them to 
market, and each received the same sum. If A had 
carried as many as B, he would have received 18 pence 
for them ; and if B had only taken as many as A, he 
would have received 8 pence. How many had each ? 

Ans. A 40, and B 60. 
13. There are two squares whose areas are as 25 to 
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9, and a side of the greater is 10 yards longer than a 
side of the less. What are the lengths of the sides ? 

Ans. Side of greater, =25, 
" less, =15. 

14. The sum of two numbers is 8, and the sum of 
their eubes is 152. What ar^ the numbers ? 

Ans. 5 and 3. 
Put 25=8=sum, and 2rf=diiference, then s+d= " 
greater, and 5— rf=less. 

15. From two places at an unknown distance from . 
each other, two travelers, A and B, set out to meet. 
On coming together, it appeared that A had traveled ' 
18 miles more than B, and that A could have gone | 
B's journey in 15i hours, but B would have been 28 1 
hours in performing A's journey. What was the dis- 
tance between the two places ? 

After dividing' each member of the equation by 7, 
they are both perfect squares. 

(110.) Of complete Equations of the Second De- 
gree. 

An equation of the second degree is said to be com- 
plete when it is of the form 

x^+2ax=b; 
that is, when it can be reduced to three terms, the first 
containing the square of the unknown quantity, the 
second the unknown quantity to the first power, the 
third the known quantity or absolute term. 

The method of reduction is the same as that given 
for equations of the first degree, the only difficulty 
being to obtain the value of x from the equation 

x*+2ax=b. 
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The fibrst member being a binomial, is not a perfect 
square. We must, therefore, consider in what way we 
can render it so. We may consider x* as the square 
of the first term of the root, and in this case 2ax must 
represent twice the product of a;, the first term of the 
root by the second term, hence this second term must 
he a; and, in fact, the square ot x+a ia found to be 

x*+2ax+a^. 

Now x*+2arc+a' being a perfect square, whose root 
is x+a, if we resume our equation 

x'+2ax=b, 
we have only to add a' to both members, which gives 

x''+2ax+a'=b+a\ 

The first member being a perfect square, and the 
second containing only known quantities, we may ex- 
tract the root of both. We shall then have 

.'. x=—a^Vb+a*. 

The step previous to extracting the square root of 
both members is called completing the square, and the 
two may be enunciated in the following 

Rule. 
Reduce the equation to the above form, then add 
the square of half the coefficient of the second term to 
both members of the equation, and the first member 
will be a perfect square. 

We perceive by the foregoing solution, that 
The first value of the unknown quantity is equal to 
half the coefficient of the second term taken with a 
contrary sign, plus the square root of the absolute 
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term increased by the square of half the same co- 
efficient. 

The second value of the unknoum quantity is eqtial 
to half the coefficient of the second term taken with a 
contrary siffn, minus the square root of the absolute 
term increased by the square of the same coefficient 

Either of these values being substituted in the equa- 
tion for the unknown quantity will verify it, that is, 
make both members equal. For we have from the 
first value 

a;»=(-a+ -fb+ay^^ a^-2ay/Wa^+b^a 

2ax=2ax (-a+ VM^) = -2a'+2a \/6+V ; 

/. rc'+2aa;=ft. 
And for the second value we have 

rc'=(-a- \/fe+a^'= a^+2a^fF+a?+b+a^ 
2arc=2a(-a- \/M^) =-2a'-2a V6+a^; 

.-. a;''+2arc=ft. 
Hence the values found in the preceding solution are 
roots of the equation. 

Examples. 

J. Given 3a;--g32^=2+-2— J- to find the values 

of a:. 

Clearing the equation of fractions and reducing, we 
have 

The equation is now of the proper form. Complete 
the square, and 

, 31 961 ,„.961 
^-2^+-l6-=-46+16- 
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Extracting the root, 

31 _^./~rr"96l ^15 

31 15 

*~4~ 4' 
.*. a;=llj or 4. 
Verification : 
Sa1>stitatmg 11^ for x in the origiml equation, gives 

69 ,^ 1587 ,„ 



or 



2 9-23 ~ ^ 2^ 
49 

69 2 _g ,1507 

2 -14 "^"^ 44 ' 



69 49 ^ . 137 

2-+28=2+T 

1015^145 

28 4 ' 

.-. 0=0. 

Again, substituting 4 for x in the original equation,' 

gives 

56 
12-.2=2+y, 

or 10=2+8. 

2. Griven re'— 6a;+8=80 to find the values of x. 

Ans, a;=12 or —6. 

3. Given 7x'-21rc+13=293 to find the values of x. 

Ans, rc=8 or —5. 

4. Given -0-+9— 5=8 to find the values of x. 

Ans, x=S or —21-. 
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6. Given 4x =46 to find the values of a;. 

X 

Ans. a;=12 or — t-. 

4 

6. Q-iven —^r — h-^ f-=-f *^ ™^ "^® values of a;. 

Ans. x=^5 or 6yV* 

x+7 9+Ax 

7. Given 14+4a; s=3a;H — 5— to find the val- 

rc— 7 3 

ues of x, 

Ans. x=9 or 28. 

X x+l 13 

8. Given — — rH =-7r to find the values of x. 

x+1 X 6 

Ans. x=2 or —3. 

' ^. , 1617a; 20748 , , , 

9. Given re' oT~"~ oi~" *^ ™^ ^'^^ values of «. 

Ans. a;=60.72 or 16.27. 

ic+ll 9+4a; 

10. Given 1 r~=7 to find the values of x. 

X X 

1 
Ans. a;=3 or — ^. 

11. Given re'— yri;=— 2 to find the values of x. 

ilW5. rc=3 or 5. 

7ri;— 8 

12. Given rcH =9 to find the values of x. 

X 

Ans. rc=4 or —2. 

13. Given acx*+bcx—adx=bd to find the values 

01 X. ilW5. x=- or — . 

c a 
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14. Given Src"— 27a;=162 to find the values of a;. 

Ans. rc=9 or — 3|. 
16. Given Ja:*-ia;+20J=42| to find the values of z. 

Ans. x=^7 or —'o'' 

3 

16. Given x'— |x=— 5^ to find the values of z. 



25 



A 3 1 

Ans. x=^ or —z. 



(111.) The method we have just been eonsidering, 
of solving equations of the second degree, is equally 
applicable to all trinomial equations, in which the ex- 
ponent of the unknown quantity in one term is double 
that in the other. For if we have the equation 

x'"+2aa;"=6, 
and we put p=x% then y*=x*% and we shall have 

y^+2ay=b. 
Solving this by the preceding rule, gives 

or af*=— a±VZ>+a'; 

/. X =\/— a± Vb+a*. 

Examples. 

1. Given ar*-rc*+96=99 to find the values of a;. 
By transposition and reduction, we have 

a; — Jrc =2. 
Complete the square, and 

» -4^ "^16"" 16' 
H 
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Extracting the root, 

/. ^ =o or —1; 

/3 , 

/. a;=±y 5 or =tv— 1. 

(112.) We may remark that an equation of the see- 
ond degree has two roots, of the third degree three 
roots, and of the rath degree m roots. 

3 

2. Given x'— a;'=56 to find the values of re. 
By completing the square, 

«_ i 1_225 

And extracting the square root, 

I 1 .15 
2 2 

x'=2±-2=8 or -7 



X =V8'=4 and x=V(-7)'. 

4 2 

3. Given a;^+7a;^=44 to find the values of x. 

Ans. x=±8 or ±(-11)* 
I I 

4. Given 4a;'+a;'=39 to find the values of x. 

/13\* 
Ans. a;=729 or I -j- I . 

6. Given 3a;'+42a;'=3321 to find the values of x. 

Ans. a; =3 or — V41. 

e 3 

6. Given x^+rc =756 to find the values of x. 

Ans. a;=243 or (-28)1 
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7. Given 81a^+17a;'=99a;'-l to find the values of x. 

Ans. a;=l, or —1, or —5. 

4 955 

8. Given 25a;*+6+33=-5- to find the values of z. 

1 
Ans. x=2j or —2, or — tf. 

1 1 

9. Given a;^— 6a; =— 6 to find the values of x. 

Ans. x=16 or 81. 

10. Given a;— re =20 to find the values of x. 

Ans. x=25. 

Q 

11. Given a;*"— f af*=o to find the value of x. 

Ans. x=- V2. 

12. Given ma;*— 2ma;V«=na:'— ww to find the val- 
ues of X. 

Vmn y/nm 

Ans. x=—= 7= or a;=-;= =. 

V m— vn Vm+ vn 

^o ^. r^.3a'rc 6a'+ab-2b' b'x ^ ^ , 

13. Given abxr-\ = 1 to find 

c c c 

the values of x. 

2a-6 3a+26 

Ans. x= or x= 7 . 

ac be 

(113.) It may also be observed that the preceding 

rale is equally applicable to all equations that are of 

the form 

(a;'"+2aa;")'"+(a;'°+2aa;")"=fe. 

For we might put x'°+2aaf =y, and the equation 
would become ^+^=6, which is the same in form 
as that in Article 111. But we shall proceed to solve 
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it without suoli substitution. Let us resume the 

equation 

(a;'" +2aa;")'" + (a;**+2aa;)'= ft. 

Completing the square^^ we have 

and, extracting the square root, 

(a;«"4-2aa;")-+i==fc\/6+|. 
Transposing, we obtain 

Extracting the nth root, gives 

rc'-+2aa:-=\/-|±\A4-|. 

(114.) The nth root of a quantity is such a quan- 
tity as J being multiplied by itself n—l times ^ will 
produce the given quantity. 

Hence we may put v — s^y ft+T=c; with this 

last substitution, the equation becomes 

a;"+2aa;"=c, 
an equation which has been solved in Art, 111. 

Examples. 



1. Given 2(l+a;-a;")- Vl+rc-a;*=-5 to find x. 
Dividing both members by 2, we have 

(l+a;-a;»)-i(l+rc-x')*=-jg. 
Completing the square, gives 
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Extracting the square root, 

111 1 

••• l+«-«'=9 « 36- 

Transposing, and using the first value 1, we have 

. _8 



which gives ^=2"^ V 4+9=2*6^41. 
And using the second value ^, we have 



1 . . /OH 1.1 ^ 
••• ^=2* V 4+36=2*6 ^'^• 

2. Given (9x+4)+2(9a;+4)*=15 to find the values 

5 7 
of a;. Ans. x=^ or n- 

3. Given (a;+10)'-(a;+10)*=2 to find the vahie 
of a;. Ans. x=6. 

4. Given (2a;'+8a;+9)-5(2a;'+3a;+9f =6 to find 
the values of x. 



9 



Ans. x=3, or —5, or x=J(— 3± V— 55). 
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6. Given (2.'c'+l)+(2a;'+l)*=12 to find the values 
of a;. 

Ans. x=2 or -2, or J V30 or ~iV30. 

6. Given (2«'-4x+l)*-(2a;'--4a;+l)=42 to find 
the values of x. Ans. x=2. 

(115.) Equations of the higher degrees may be 
solved by the preceding rule, provided we can decom- 
pose them into polynomials that are similar to each 
other, the exponent of one of these polynomials being 
double that of the other. 

1. For example, let us take the equation 

rc*"-2a;*"+x"=6, 
by the method of extracting the square root of a poly- 
nomial. 






a;**— X* 



2a;'--a;" 



~2a;"'+a;*" 

. a;*"-2x'"+a;"=(a;'°-x-)*-(a;'"-a;"). 

"VSTe then have 

(a;""-a;7-(a;'"-x")=6. 

And,completing the square, we obtain 

1 25 
(a;"-a;")«-(a;--x')+j=-j-. 

Extracting the square root, 

a;««-a;'=3 or -2. 
Taking the first value, we have 
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Completing the square, 
Extracting the square root, 

2. Q-iven x*— 4x'+6a:=4 to find the valaes of x. 
Multiply both, members of the equation by x, and 

we have 

or, by transposing, 

This can be decomposed into the polynomials 

By completing the square and extracting the root, 

x'-2a;+l=±l 
a;-l=d=V=hl. 

The three roots of the proposed equation are 1, 
IfV — 1, and 1— V — 1. The value of x, which is 
equal to 1— 1 or 0, belongs to the equation of the fourth 
degree, obtained by multiplying the given equation 
ty X. 

3. Given a:*-10a;'+35a;'-50a;+24=0 to find the 
values of X. Ans. x=l, 2, 3, or 4. 

4. Given x*— 2x*+x=132 to find the values of re. 

Ans. a;=4 or —3. 
(116.) Familiarity with such transformations, and 
a facility in applying them, enable the analyst to 
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pash his researches into fields of inquiry which would 
otherwise be beyond his reach, since his symbols would 
become so complex that he could neither operate upon 
nor mterpret them. 
Equations of the form 

Vx''+az+b+ Vx^—aX'\-b=c . . (1) 
are frequently met with in Q-eometry. The usual 
method of freeing the equation from radicals would 
be very complicated ; but the analyst seizes the truth, 
which the form of the equation presents to him, 

{ Va:^'\-aX'\-b+ Va^—ax+b] X \ Vx^+ax—b 

'-Vx'-ax+b\=2ax (2) 

then -/x'+ax+i— Vx^—ax+b^ . (3) 

by dividing the first member by the first factor, and 

the second member by the value of the first factor. 

If we now add the first and third equations together; 

member by member, we shall have 

^ f-i TT 2aa; 

2Vx+ax+b= he. 



ax 



or Vx*+ax+b= hie. 

c ^ 

Squaring both members, we obtain 

, a^x* • . , 
x*'\-aX'\-b='—^'\-ax+ic* 



aV 
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(117.) Discussion op Equations of the Second De- 
gree. 

We have seen {Art. 110) that every complete eqaa- 
tion of the second degree can he reduced to the form 

x*+2ax=b .... (1) 
m which a and b are any numhers whatever, either 
whole or fractional, positive or negative. 
The value of a; in this equation is 

x=-a+y/M^ . ... (2) 
or x^—a—Vb+a* , ... (3) 

And, therefore, 

Every equation of the second degree has two roots^ 
and only two. 

If we take the algebraic sum of the tioo roots, we 
shall find it equal to —2a, or the coefficient of the sec- 
ond term taken with a contrary sign. If the two 
roots are numerically equal, with opposite signs, their 
sum is zero, and the second term vanishes. 

Transpose the second members of (2) and (3), we 
shall have 

rr+a- 76+0^=0 ... (4) 

rc+a+V^6+V-0 . . . (5) 

Multiplying equations (4) and (5) together, we ob- 
tain 

x*'\-2aX'-b, 

the original equation. Hence (4) and (5) are the fac- 
tors into which a complete equation is decomposed. 

Hence, every equation of the second degree may be 
resolved into two factors. 

Thus, the equation a;'+8a;=20, being solved, gives 

H2 
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x=2 and a;=— 10; 
.-. {x-'2){x+l0)^af'\-8x-20. 

It is perfectly evident, that if r is a root of an equa- 
tion of the second degree, that equation will be divisi- 
ble by x—r. The preceding equation gives 2 as a 
root, hence it must be divisible by a;— 2. 

1. What are the factors, and what is the equation, 
of which the roots are a and —b? 

Here the factors are 

X— a and x+b. 
Consequently, 

(x—a) (a;+6)=x'+(6— a)a;— aft, 
or x'+(6— a)a;=ai, 

is the equation required. 

2. What are the factors, and what is the equation, 
of which liie roots are —9 and 3 ? 

Ans. The binomial factors are x+9 and x— 3, 
and the equation is x'+6x=27. 

3. What are the factors, and what is the equation, 
of which the roots are 10 and —4? 

Ans, (re— 10)(x+4) are the factors, and 
x"— 6a;=40 is the equation. 

4. What are the factors, and what is the equation, 
of which the roots are 

7+ V-1039 ^ 7- V-1039 ^ 
16 ^^ 16 • 



7+V-1039 ^ 7-V-1039 

Ans. X qrpi and x 77; 

16 16 

8a;'-7a;=-34. 

If we multiply the second members of equations (2) 
and (3) together, we shall have 
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(-a+V6+a*)x(-a-V6+a')=-6/ 

that is, the product of the two roots of an equation 
of the second degree is equal to the absolute term 
taken with an opposite sign. 

(118.) In the general fonn of the equation, let 2a 
be positive, b also positive, and less than a'. 

If 2a be positive, 

x^—a^ Vb+a* the value of x is positive, 

x^—a—Vb+a^ " " " negative. 
If 2a be negative, 

rc=+a+ Vb+a* the value of x is positive, 

x=+a— Vd+a' " " " negative. 
If 6 be greater than a', then. 
If 2a be positive, 

a;=— a+ Vb+a* the value of re is positive, 

a;=— a— -/A+fl? " " " negative. 
If 2a be negative, 

x=+a+ Vb+a* the value of a; is positive, 

x=+a—Vb+a* " " " negative. 

If 6 is negative, 2a positive, and 6<a', then 

x^-a+V-b+a^ ) , ., .. 

, > both negative. 



If 2a is negative, then 

x=a+V—b+a^ 

X' 

Let b be negative, and greater than a' ; then. 
If 2a is positive. 



, T. } both positive. 



^'^ "^^ I both imaginary. 



a: 
If 6= a*, arid be negative, then, 
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If 2a is positive, x^—a ) and the two values are 
2a is negative, x= a ) equaL 

If 4=0, then, when 

2a is positive, a:=— 2a or =0, 
2a is negative, z=^ 2a or =0. 

If 6 is positive, and 2a=0, then 

the two values are equal, with contrary signs. 
If 6 is negative, and 2a =0, then 

and both values are imaginary. 

If 4=0, and 2a=0, then both values of x are zero. 
One case, which is frequently met with in the solu- 
tion of problems, deserves a passing notice ; that is, 
Given aa;*4-te=c; 

_ -ftd=Vy.f4ag 
• • ^"" 2a 

Suppose, now, that a=0, then 

x=^b^b 

-26 

or x=-jr—. 

The first value is of the indeterminate form, and the 
second the symbol of infinity. 

Let us interpret the first. 

1 

If, in the original equation, we put a;=~, we shall 

X 

have 

^ J-* — 
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and, oleanng the equations of fraotions, 

a+bx'=sc3c^% 
or cxf*—bx'=a. 

And putting a=0, it beoomes, by dividing x^, which 
is=0, 

^ v.. 

x' b 

.'. x=jz and a;=T 
u o 

are the two values of z. 

We here perceive that the first value 

In regard to the second, viz., 

_ -2b 

If, in the original equation, we make a=0, then 

bx=c, 
which is an equation of the first degree, and has but 
one root 

If we ask an absurd question, the language of Al- 
gebra gives us an equivalent answer. Hence we may 
understand that, whenever we obtain an imaginary 
expression^ or a symbol of infinity^ as the value of the 
unknown quantity, conditions have been imposed that 
are impossible to be fulfilled. 

For example, suppose we had the problem : 

Divide the number 20 into two such parts that their 
product shall be equal to 150. 
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If we put x= one of the parts, 

then 20— re = the other, 

and 20a;-rc*=l50, 

or a;'-20a:=-150; 

An imaginary expression. We have asked an impossi- 
bility, and have received an answer in the same terms. 

(119.) It is a proposition easily demonstrated, that 
if a given number he divided into two parts, and those 
parts be multiplied together, their product will be the 
greatest possible when the two parts are equal. 

Let n be any number whatever, and d the difference 
of the two parts into which it is to be divided. 

n d 
Then 9"'"2~ ^® greater part, 

n d 
and 9""o~ *^® ^'^^ P*"^' 

Then their product will be 

(n d\(njd\_f^jd^ 

\2"^2A2 2/""4 4* 

It is perfectly evident that the smaller d becomes, 

»' d^ 
the greater will be the value of -j— x> so that when 

d=0, the greatest product becomes 

n n n 
4"'2^2' 
or, when the two parts are equal, applying this to 
the problem above, we shall find that 20 can be di- 
vided into two parts, whose product shall be equal to 
100, but equal to no greater quantity. 

(120.) The solution of trinomial equations of the 
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fourth degree requires sometimes the extraotion of the 
square root of a quantity of the form 

in which a and b are numerical or algebraic quantities. 
We can assume 

'\la+Vb=p+q .... (1) 

and yJa—Vb=p—q .... (2) 

where p and q are quantities to be determined. 

Multiply these equations together, member by mem- 
ber, and we shall have 

Va'— 6=;?'-^' .... (3) 
Now a'— 6 must be a perfect square, in order that 
p^—if be a rational quantity. If a*— 6 is not a per- 
fect square, the transformation is not used. 

Put .-. ;?*-^=c= yfcT^ ... (4) 

Square (1) and (2), we have 

a+ ^/b^p^^\^^pq^^(t 

a— V6=;?'— 2/?g+^'. 
Add these member to member, and we obtain 

y+^=a (5) 

Adding (4) and (5) gives 

Subtracting (4) from (5) gives 

2g'=a--c; 

/a-^-c /a- 

Hence \/a+ V6=± (V^+V^) • (6) 
and V^=7S=:t(\/^.\/4^) . (7) 



;—c 
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To extraot the square root of a binomial of the form 
a=t V6, we have the following 

Rule. I 

From the square of the first term take the square of [ 
the second^ extract the square root of the remainder^ 
and, denoting" that root by c, the root required will be 

Examples. 

1. Required the square root of 3+2V2. 
Here a=3, and -/4=2-/2, 



.-. \/3+2V2= V2+1, Ans. 
Verification : 

( v/2+ir=2+2x/2+l=3+2x/2. 

2. Required the square root of 19+8 V3, or ifind the 

value of \/l9+8V3. __ 

Ans, 4+ V3. 

3. Required the square root of 12— VMO. 

Ans, V7— V5. 

4. Required the square root of 7— 2-/ 10. 

Ans. V5-V2. 

5. Required the square root of 7+4 \/3, or reduoe 
\/7+4V3 to its simplest form. 

Am. 2+ V2. 
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6. Reduce yJ—l+AV—S to its simplest form. 

Here a= — 1, and V^=4V—5; 

.-. a'=l, and 6=16x(-5)=~80, 

=2+-/^, Ans. 

7. Reduce V31+12V— 5 to its simplest form. 



il«5. 6+V— 6. 



8. Reduce Vl8— lOV— 7 to its simplest form. 



Ans. 5— V— 7. 

9. Reduce v— 1— 4"/— 3 to its simplest form. 

Ans. 2- /^. 

10. Reduce -y 14+6 V6 to its simplest form. 

Ans. 3+V5. 

(121.) Problems producing Equations op the Sec- 
ond Degree containing but one Unkno^vn Quantity. 
1. Griven the sum of two numbers equal 6, and the 
sum of their fourth powers 272, to find the numbers. 
Let 3+a;=greater, and 3— x=less. 
Then (3+a;)*+(3-x)*=272. 

Expanding and reducing, we have 

a:*+54x'=55. 
Completing the square, 

a:*+54a;'+729=784. 
Extracting the square root, 

a;*+27=±28 

rr'=--27±28 

X ==fcl or =t V— 65. 
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The negative value will not answer the problem ; 

/. 3+a;=4=greater, 
and 3--rc=2=les8. 

2. A person at play won, at the first game, as much 
money as he had in his pocket ; at the seoond, he won 
5 shillings more than the square root of what he then 
had ; at the third game, he won the square of all he 
then had, and found that he possessed £112 16«. 
"What had he at first ? 

Let n;=the number of shillings he had at first. 

Then 22;=amount after the first game, 

and V2a;+5=number won the second game; 

.'. 2z+ V2x+5=amount after the second game, 
and {2x+ V2a;+5)'=number won the third game ; 
.-. (2a;+V2i+5)'+(2a;+V2x+6)=2256. 

Complete the square, and we have 

{2x+ V2x+5y'\-(2x+ V2x+5)+^=^. 

Extracting the square root, gives 

1 95 

2rc+V2a;+5+2=±-^; 

/. 2x+ V2i=42 or -53. 
Using the positive value, we have 

2x+ V2x=42. 
Completing the square, 

1 169 
2x+ V2a;+^=-g- 

/— 1 13 

V2a;=6or -7; 
.-. 2x=36or49; 
.*. a;=:18 shillings. Am. 
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3. Two persons, A and B, started at the same time for 
the same place, distant 150 miles. A traveled 3 miles 
an hour faster than B, and arrived at the end of his 
journey 8 hours and 20 minutes before him. At what 
rate did each person travel per hour ? 

Ans. A 9 miles an hour, 
B 6 miles. 

4. There are two numbers whose product is 120; 
if 2 be added to the less, and 3 subtracted from the 
greater, the product of the sum. and difference will 
also be 120. Required the numbers. 

Ans. 15 and 8. 

5. Find a number from the cube of which, if 19 be 
subtracted, and the remainder multiplied by that cube, 
the product shall be 216. 

Ans. 3 or —2. 

6. Divide 20 into two such parts that the product 
of the whole and one of the parts shall be equal to the 
square of the other. 

Ans. 10 V5-10 and 30-10 V5. 

7. A merchant sold a quantity of brandy for £39, 
and gained as much per cent, as the brandy cost him. 
What was the price of the brandy ? 

Ans. £30. 

8. A and B set out at the same time from two towns, 
which were at the distance of 247 miles, and traveled 
the direct road till they met. A went 9 miles a day ; 
and the number of days, at the end of which they 
met, was greater by 3 than the number of miles B went 
in a day. How many miles did each go? 

Ans. A 117 miles, 
B 130 miles. 
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9. A and B purchased a fann oontaining 900 acres, 
at the rate of $2 per acre, which they paid equally be- 
tween them ; but, on dividing the same, A got that 
part of the farm which contained the best of the im- 
provements, and agreed to pay 45 cents per acre more 
than B. How many acres had each, and at what price 
per acre ? 

Put a;=number of acres A had ; 

then 900-x= " « B " 

A 900 . 
and = price per acre paid by A, 



X 



900 45_900 



900-ri; '100 x' 

Ans. A=400 acres at $2.28, 
B=500 acres at $1.80. 

10. A company at a tavern had £8 155. to pay, but 
before the bill was settled two of them left, when those 
who remained had each 10 shillings more to pay. How 
many were there in the company at first ? 

Ans. 7. 

11. Bought two flocks of sheep for £65 135., one 
containing 5 more than the other. Each sheep cost as 
many shillings as there were sheep in the flock. What 
was the number in each flock ? 

Ans. 23 and 28. 

12. A laborer dug two ditches, one of which was 6 
yards longer than the other, for d£17 16s., and the dig- 
ging of each cost as many shillings a yard as there 
were yards in its length. What was the length of 
each? 

Ans, 10 and 16 yards. 

13. In a parcel which contains 24 coins of silver and 
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copper, each silver coin is worth as many pence as 
there are copper coins, and each copper coin is worth 
as many pence as there are silver coins, and the whole 
is worth 18 shillings. How many are there of each ? 

Ans. 6 of copper and 18 of silver. 

14. Two messengers, A and B, were sent at the 
same time to a place 93 miles distant ; the former of 
whom, riding one mile an hour more than the latter, 
arrived at the end of his journey an hour before him. 
At what rate did each travel per hour ? 

Ans. A went 10 miles an hour, 
B went 9 miles an hour. 

15. The sum of two numbers is 8, and the sum of 
their cubes 152. What are the numbers ? 

Ans. 3 and 5. 

16. The sum of two numbers is 8, and the sum of 
iheir fourth powers 706. What are the numbers ? 

Ans. 3 and 5. 

17. A sets out from C toward D, and travels 8 
miles a day. After he had gone 27 miles, B set out 
from D toward C, and goes every day ^^^^ of ^^^ 
whole journey, and after he had traveled as many 
days as he goes miles in one day, he met A. Re- 
quired the distance of the place C from D. 

Ans. 180 or 60 miles. 

18. A person bought a number of oxen for $80, and 
if he had bought 4 more for the same sum he would 
have paid one dollar less for each. How many did he 
buy ? Ans. 16. 

Interpret the negative value —20. 

19. two church bells, whose loudness of tone are 
as /? to 9, are a miles apart. Now, supposing the 
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strength of sound to be inversely as the square of the 
distance, at what point between the two will the bells 
be equally heard ? 

An$, —7= 7= miles from the first, 

and —7=- — -=^ " " second. 

20. Two lights, whose intensities are as 25 to 9, 
are placed at the distance of 72 inches from each 
other. Find, on the line which joins them, the point 
which will be equally illuminated by each, admitting 
that the intensity of light varies inversely as the 
square of the distance. 

45 P. 27 , F 

Ans, 45 inches from the large light and 27 from less 
light, or 180 from large and 108 from smaller. 

(122.) Equations of the Second Degree involving 
two or more unknown q,uantities. 

An equation containing two or more unknown quan- 
tities is of \kkSi second degree when the greatest sum 
of the exponents of the unknown quantities in any 
term is equal to 2. 

The solution of equations of the second degree may 
sometimes be simplified by particular artifices, which 
we shaU iUustrate in the following 

Examples. 

(123.) When the equations are homogeneous^ their 
solution may be effected by assuming x=vy. 
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1. aiven 2a^+3xy+y'=20 K «. , , 

5x'+4y'=41 i *° fi°d a; and y. 

Let x=vy, then the equations become 

41 
and 5t?y +43^=41 /. y'=5^;r|:4- 

Equate these two values of ^', and we have 

20 ^ 41 

2t?'+3t;+l 5i;«+4' 
Clearing of fractions, it becomes 

10(h;'+80=82t?'+123i;+41. 
Transposing and reducing, gives 

, 41 13 

from which v may be obtained ; thence y and x. 
There will be four values, both of x and y, which satis- 
fy the equations. 

2. Given 4a;'-2xy=12 K x: j j 

Ans. x=+2 or —2, 

y=l or —1. 

3. Given a^+xy =66 ) ^ ^ , , 

a^+2y'=60 j *« find x and y. 

Ans. a;=±4v/2 or q:14, 
y=z±:^^2 or ±10. 
(124.) When the unknown quantities in each equa» 
tion are similarly involved^ the operation may some- 
times be shortened by substituting for the unknown 
quantities the sum and difference of two others. 

4. Given x +y =2a ) ^ /. , , 

6 , . r ( to find X and y. 
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Put x=a+z, and y=a— z ; 

then a;+y=2a, 

and (a+zy+{a-zY=b. 

Involving and adding, we have 

2a*+20aV+10a2;*=6, 

6-2a' 
or ^+ 2aV=-3g^ ; 

and a;=a=fc^/{-a*=t\/-jo^ J 

/b+8a* ) 
and y=azF^{-a'±V-^^^ j 

5. Given x +y =8 ) . /: j j 

a;»+y*=1056 j to find ^ and y. 

il«5. a;=4 or 2, or 3=b V— 19, 

y=2 or 4, or Sup V-19. 

6. Given x*+y'=18xy ) ^ , , 

in (to nnd a; ana y. 
X +y =12 3 

Ans. x=8 or 4, 
y=4 or 8. 

(125.) When two unknown quantities enter sym- 
metrically into the equations^ the solution is often 
simplified by substituting for them two other unknown 
quantities^ one of which is their sum, the other their 
product. 

7. Given x +y =5 \ . n j, j 

ft . 6 ow* \ to fittd X and y. 

Put xy=p. 
{x+yY=x'+5x*y+10xY+103^y'+5xi/'+^ 
^x'+y'+5xy{x'+y')+10xy{x+y)j 
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and x'+p'={Z'hyy-{3z'p+Sxy') 
^(x+9Y-2xy(z+p) 
=125-r-15p. 

Hence (a;+y)*=276+5p(125-16p)+50p', 
or 3125=275+625p-76p'+50;?', 

or 25p*-625p=-2850 

p'-- 25p=-114. 

From which p=19 or 6 ; 

.-. x=2 or 3, or i(5± V^^El) 

y=3 or 2, or ^(5:^ V^^^). 

8. G-iven x'—x'y— xy"+y'=7 ) , ^ j , 

.,• , ., • tns I ^ "^^ ^ And y. 
x*+3!fy+xy^-\'y*=175) ^ 

Put x+y=s and xy=^p, 

Ans, x=Z or .4, 

y=4 or 3. 

9. Cxiven aj'+y*=189 ) to find the values of x 

x^y+xy^—lSO ) and y, 

Ans. a;=4 or 5, 
y=5 or 4. 

10. Given x^+y^+x+y^\2 
x+y 

Ans. x=2 or i(-3± V21), 
y=2ori(-3::pV2l). 

11. Given x^y +xy" =6 ) , ^ . , 
» J I t s io ( to find X and y. 

il»5. a;=l or 2, 
y=2 or 1, 

12. Given xy+4xy==96 

x+y=6 

Ans. x=2 or 4, or 3± V21, 

y=4 or 2, or 3:^: V21. 
I 



•+a;+y=12 ) , x. , , 

^ > to fijid X and y. 
—xy =0 ) ^ 



> to find a; and y. 
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13. Griven x^-^-ocy =12 ) to find the values of x 

'— 2y'=l ) and^. 



xy 



Ans, 05= ±3, 
y=±l. 



14. Given \/x+ Vy=3 K ^ , , 

rt > to find X and y. 
x-\-y =9 ) 

Ans. 05=8 or 1, 

y=\ or 8. 

16. Given x{^/y + 1)+2 Vl^=55 - y( Vi + 1) 
a;Vy+y Va;=30 
find X and ^. 

il«5. a;=9 or 4, 
y=4 or 9. 



I 



to 



16. Given a;y+-=40 

X 



X 



> to find X and y. 



a;v=96 

y 



Ans. re =±8, 
y=±4. 

17. Given x'-y' =1280 K ^ , 

s . .3 AQf\ \ w> ™d a; and v. 

Ans. a; =6, 
y=2. 

18. Given rc"(a;"+3^"+^"+v")=a^ 

y"(x'+y"+2r"+i;")=& I to find X, y, ;3, 
2r"(a;"+y"+2r"+v")=c I and v. 
v"(a;"+y"+2:°+v")=rf> 

If we divide the first, second, and third, respectively 
by the fourth, we shall have 



re' a 



av' 



V d" d 
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P~5 •■• "J" 

If we sabstitate these values in the first equation, 
and leduoe, we shall find 

Hence x= { ^^^\^^^ \ ', P= j ^+i,lc+d \ ' 

'^^ ^= i a+blc+d j "• 

19. Given (a;'-y)'=49 ).. a a 

(x'-yr- (x'-y')=2o r ^** ^ """^j- 

Ans. aj=±3 or ± -/e, 
y=2 or -1. 

There is one value more of Xj and one of y, which 
are left to he determined hy the student. 

20. Q-iven x'p*—7xy*=1710 ) to find the values of 

xy— y=12 ) X and y. 

^»,. .=5 o, 1, 

o 

y=3 or— 15. 

21. Given x +y + Vx+y=6 K c j j 

:,.+y'=10 5 to find a; and y. 

Ans. x=3 or 1, or 4J±s'*^— 61, 



y=lor3, or4J:F5V-61 
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22. aiven (a;+y)'-3y=28+aa: ) ^ , 

2xy+3x=35 J ^ find a; and y. . 

7 6 1 

il«5. a;=5 or s, or — ^r ±7*^—255, 

2 4 4 

^7 11 1 ,—— 

y=2 or ^, or — ^=f^/--255. 

23. Given aj'+3a;+y=:73-2a;y ) , ^ , , 

t . Q . AA t to find X and y. 

y +3y+a;=44 ) ^ 

ilii5. 2;=4 or 16, 

y=6 or —7. 

«. ^. x'y' 1226 _ ) 

24. Given -+--=.^«2.^ to find x and y. 

aj+y =10 ) 

Ans. a;=6 or 4, 
y=4 or 6. 

26. Given y*-12ay»=432 ) . ^. ^ . ^^ 
y*« 2xy=12 j *« fi^d ^ and y. 

Ans. aj=2 or 3, 

y=6or3+V2i. 



(126.) Problems producing Equations of the Sec- 
ond Degree. 

We may remark that, in the solution of problems 
which involve trinomial equations or quadratics, we 
sometimes obtain answers which do not correspond 
with the conditions. The recuson is, that the algebraic 
language is more general than the common language, 
and the equation, which is a proper representation of 
the conditions, expresses also other conditions, and oth- 
er suppositions than those of the problem. 

1. Find two numbers such that the square of the 
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greater minus the square of the less may bo 56, and 
the square of the less plus one third their product may 
be 40. 

Let 05= greater 

y=less ; 
then, by the question, 

a;«-.y' =66 

If we put x==vp, these equations will become 

vY-y^ =66 .-. ^""=-^^1 

40 

y"+ii;y"=40 .-. 3^= 



1+K 

Equate these two values of y", and we shall have 

40 _ 56 

Clearing the equation of fractions and reducing, this 

gives 

9 4 

^=5 ^' ""3- 
From which we obtain 

y=5 or —5, or ±6i/2=less, 
and x=9 or ::p8v/2. 

2. Find two numbers such that their difTerence shall 
be 98, and the difference of their cube roots 2. 

Ans. 125 and 27. 

3. The product of two numbers, multiplied by the 
sum of their squares, is 510, and the difference of their 
squares is 16. What are the numbers ? 

Put a;+y=greater, and re— y=the less. 

Ans, 5 and 3. 

4. G-iven the sum of the cubes of two numbers 35, 
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and the sum of their ninth powers 20195, to find the 
numbers. Ans. 3 and 2. 

5. Find two numbers such that their difference may 
be equal to 4, and their product, multiplied by the sum 
of their squares, may be 480. 

Ans. 2 and 6. 

6. Divide 140 into two such parts that the greater 
being divided by the less and the less by the greater, 
and the less quotient being multiplied by 8 and the 
greater by 4J, the two products shall be equal. 

Ans. 80 and 60. 

7. Find two numbers such that their sum, product, 
and difference of their squares shall all be equal to 
each other. 

Ans. o+o'^5 ^^^ 9"^9'^^' 

8. Find two numbers such that their sum shall be 
13, and the sum of their fourth powers 4721. 

Ans. 8 and 5. 

9. Divide the number 40 into two such parts that 
the sum of their squares shall be 818. 

Ans. 23 and 17. 

10. Find a number such that if you subtract it from 
10, and then multiply it by the number itself, the 
product shall be 21. 

Ans. 7 or 3. 

11. A farmer bought as many sheep as cost him 
$1200, and, after reserving 15 out of the number, sold 
the remainder for $1080, and gained $2 a head by 
them. How many sheep did he buy, and at what 
price ? . 

Ans, 175 sheep, $16 a head. 
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12. A person ordered -$144 to be distributed among 
some poor people ; but, before the money was divided, 
there came in two claimants more, by which means 
the former received one dollar a piece less than they 
would otherwise have done. What was the number 
at first ? 

Ans, 16. 

13. A person being asked his age, answered, " My 
mother was 20 years old when I was bom, and her 
age, multiplied by mine, exceeds our united ages by 
2500." What was his age ? 

Ans, 42 years. 

14. Two locomotives commence running at the same 
time from the two extremities of a rail-road of 324 
miles in length, one traveling 3 miles an hour faster 
than the other, and they meet after having traveled as 
many hours as the slower traveled miles per hour. 
Find the distance each goes. 

Ans, The faster 180 miles. 
The slower 144 miles. 



CHAPTER VI. 

PROGRESSIONS. 

SECTION I. 

ARITHMETICAL PROGRESSION, OR PROGRESSION BY DIFFER- 
ENCES. 

(127.) An Arithmetical Progression^ or, more ap- 
propriately, a progression by differences^ is a series 
of terms or quantities which increase or decrease con- 
tinually by the addition or subtraction of a constant 
quantity. This constant quantity is called the cow- 
mon difference. 

If we put a=the first term, 
I =the last term, 
rf=the common difTerence, 
w=the number of terms, 
S=the sum of all the terms, 

we shall have, if the series is an increasing one, the 
successive terms 

a, a+rf, a-\'2d, a+3d, a+Ad, &c., 

so that the last or nth. term is evidently 

Z=a+(»-l)rf .... (1) 

But if the series be decreasing, the last term will b6 

l=a—(n—l)d, 

(128.) 1(0 find the sum of n terms of a series in 
arithmetical progression. 
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We have S=a+(a+rf) + (a+2rf)+ . . . /. 
Reversing j g^^ ^ ^ 

the series ) \ / \ / 

Adding, 2S=(a+/)+(aH-/)+(a+/)+ . (a+0> 

to n terms, /. S= — g — ... (2) 

That is, the sum of the terms of an arithmetical pro^ 
gression is equal to half the sum of the two extremes 
multiplied by the number of terms. 

From the equations (1) and (2), either two of the 
quantities a, /, rf, w, and S can be determined when 
the other three are known. 



Examples. 

1. Find the sum of 60 terms of the series 5, 15, 25, 
35, &c. 

Here a=5, rf=10, w=60; 

... Z=a+(»-l)rf=5+59x 10=595. 
Hence S= (g+/)^ _ (54-595)x60 

2 " 2 ' 

.-. S=18000. 

2. Find the sum of the series 1+3+5+7+9+, &o., 
continued to 101 terms. 

Ans. 10201. 

3. Find the sum of the series 2, 9, 16, 23, &c., to 
100 terms. 

Ans. 34850. 

4. Find the number and the sum of the terms of the 
series of which 6 is the first term, 796 the last term, 
and 10 the common difference. 

Ans. 80= number of terms, 
32080=the sum. 
12 
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5. Find the common difference and number of terms 
of a series of which 2 is the first term, 345 the last 
term, and 8675 the sum of the terms. 

Ans. 50=number of terms, 
7= common difference. 

6. A body falls in a vacuum 16 y'^ feet during the 
first second, and in each succeeding second 32| feet 
more than in the one immediately preceding. If a 
body fall during the space of 20 seconds, how many 
feet will it fall in the last second, and how many in 
the whole time ? 

A71S, 627^ feet during the last second, and 
6433i feet in the wjiole term. 

7. Find d when a, /, and n are known. 

/ — a 

Ans, d= r. 

w— 1 

8. Find d and n when a, I, and S are known. 

2S 
Ans. n=—^, 

(/+a)(/-g) 
2S-(a+/) • 

9. Find I and n when a, rf, and S are known. 

d-2adzV(d'-2ay-\'8dS 
Ans. n^ L_ , 

/=«+(«— l)cf. 

10. Find the last term and number of terms of a 
series of which the first term is 3, the common differ- 
ence is 4, and the sum of the terms 105. 

Ans, 7= number of terms, 
27= last term. 

11. Find the sum of the odd numbers from 1 to 99. 

Am. 2500. 
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12. Find the sum of the even numbers from 2 to 
100. Ans. 2550. 

13. A person bought 47 sheep, and gave 1 shilling 
for the first, 3 for the second, 5 for the third, and so 
on. What did all the sheep cost ? 

Ans. £110 95. 

(129.) To find a number of arithmetical means be» 
tween two given numbers. 

If m be the number of means, and a and b the given 
numbers, it is evident that the number of terms of this 
progression will be m+2. Find the common differ- 

b—a b—a 



rf= 



m+2— 1 w+1' 



SECTION II. 
GEOMETRICAL PROGRESSION. 

(130.) A Geometrical Progression^ or, a progres- 
sion by quotients^ is a series of terms which increase 
or decrease by the multiplication of a constant quantity. 

This constant multiplier is called the ratio of the 
progression. 

If the ratio is a positive whole number, the progres- 
sion is an increasing one. 

If the ratio is a proper fraction, the progression is a 
decreasing one. 

Let a=the first term, 

I =the last term. 



/ 
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r=the oommon ratio, 
w=the number of terms, 
S=the smn of the series, 
we shall have, for the sucoessive terms to n terms, 

a, ar, ar*, ar* , , , . af^\ 
Then S=a+ar+ar'+ar'+ . . ar"~* . . (A) 
Multiply both members of this equation by r, we 
have 

Br^ar-har^+ar^-h . . . af-'+af" . (B) 
Subtracting (A) from (B), 

S(r— l)=ar"— a; 

,. s=^<rJiL) .... (1) 

r— 1 ^ ' 

If the series be a decreasing one, or r a fraction, it 
will be more convenient to change the signs of the 
numerator and denominator in the above ; then 

s="^z:r^ (2) 

To find the sum of an increasing geometrical pro- 
gression, we have by (1) the following 

Rule. 

Raise the ratio to a power whose exponent denotes 
the number of terms, subtract unity, multiply the re- 
mainder by the first term, and divide by the ratio 
minus one. 

Or, if we substitute the last term, l^af^^, in (1), 

we shall have 

rl—a 
8=731 (3) 

That is, to find the sum of any number of terms of a 
geometrical progression, 



GEOMETRICAL PROGRESSION. 206 

Multiply the last term by the ratio, subtract the 
first term from this product j and divide the remain^ 
der by the ratio less one. 

(131.) The two equations, 

l=af^-' 

r— 1 ' 
fornish the means of detennining either two of the 
quantities a, /, r, n, and S, when the other three are 
given. 

But since n is an exponent, its value can be found 
only by the solution of an exponential equation. 

(132.) If the series is decreasing, and we suppose it 
to be continued to an infinite number of terms, the last 
term may be taken equal to zero. In which case equa- 
tion (3) becomes, by this substitution, and changing 
the signs of the numerator and denominator {Art. 67), 

a 
l—r 

Hence, to find the sum of an infinite number of 
terms of a decreasing geometrical progression, we have 
the following 

Rule. 

Divide the first term by unity, diminished by the 
ratio. 

(133.) If we wish to find any number of geometrical 
means between two numbers, it will first be necessary 
to obtain the ratio. 

If m be the number of means, and a and b the given 
numbers, it is evident that the number of terms will 
be w4-2. 
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We have Z=ar' *, or r= V- 
Substituting b for I and m+2 for Uj we have 






a 

that is, divide one of the given numbers by the other, 
then extract that root of the quotient whose index is 
one more than the required number of means j and this 
will be the ratio. 

Examples. 

1. Required the sum of the series 1, 2, 4, 8, 16, 
&c., to 10 terms. Ans. 1023. 

2. Required the sum of the first 8 terms of the series 
2, 6, 18, 54, &c. Ans. 6560. 

3. Given the first term 64, the ratio -r. and the num- 

4 

ber of terms 12, to find the last term. 

1 
Ans. 



65536' 

4. Given the first term 160, the last term 38880, 
and the number of terms 6, to find the ratio. 

Ans. 3. 

5. Find the sum of the infinite progression of which 

1 

the first term is 1, and the ratio ^. Ans, 2. 

6. Find the sum of the infinite progression of which 

7 1 

the first term is t^, and the ratio r^- 

Ans. 5. 
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7. Find r in an infinite progression when a and S 
are known. 

Ans. r=l— Tj. 

8. Find the ratio of an infinite progression of which 
the first term is 17, and the sum 18. 

Ans. Y^, 



THEORY OF PERMUTATIONS AND COMBINATIONS. 

(134.) The permutations of any number of quanti- 
ties are the changes which these quantities may take 
with respect to their order. 

Thus, the three quantities a, 6, c, may be permuted 
in this manner, abc, acby bac, bca, cabj cba ; or, if we 
permute them two and two, we shall have ab, ac, ba, 
bcy ca^ cb, 

(135.) To find the number of permutations of n 
quantities taken m and m together. 

Let a, b, c, dy k, be the n quantities. 

The number of permutations of these n quantities, 
taken singly, is evidently n. 

Again, if we remove a, there will be (n—l) quanti- 
ties left ; that is, 

by c, d, k, 

"Writing a before each of these {n—l) quantities, we 

shall have 

aby aCy ady ak; 

that is, w— 1 permutations of the n quantities, taken 
two and two, in which a stands first. Reasoning in 
the same manner for 6, we shall have n—l permuta- 
tions of the n quantities, taken two and two, in which 
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b stands first, and in like manner for each of the n 
quantities in succession ; therefore the whole number 
of permutations will be 

w(n— 1). 

The number of permutations of n quantities, taken 
three and three together, is n{n—\) (»— 2). For, since 1 
there are n quantities, if we remove a there will re- 
main w— 1 qtiantities; but, by what precedes, writing 
{n—l) for w, the number of permutations of n—l 
quantities, taken two and two, is (»--l)(w--2); now, 
writing a before each of these (tj— l)(n--2) permuta- 
tions, we shall have (»— 1) (^—2) permutations of the 
n quantities, taken three and three, in which a stands 
first. Operating in the same manner for 6, we shall 
have (w— 1)(«— 2) permutations of the n quantities, 
taken three and three, in which b stands first, and so 
on for each of the n quantities in succession ; hence 
the whole number of permutations vvill be 

w(w-l)(w-2). 

In a manner entirely similar we can prove that the 
number of permutations of n quantities, taken four 
and four, will be 

n{n-l){n-2)(n-Z), 

We readily perceive that a certain relation exists be- 
tween the numerical part of the expressions and the 
class of permutations to which they correspond. 

For example, the number of permutations oin quan- 
tities, taken two and two^ is 

n{n—l) or w(«--2+l). 

Taken three and three^ it is 

w(w-l)(»-2) or w(w~l)(w-3+l). 
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Taken four and/owr, it is 
«(«-!) (w-2)(«-3) or nin-l) («-2)(«-4+l). 
Hence we may conclude that the number of per- 
mutations of n quantities, taken m and m together, 
will he 

n{n-l) {n-2) {n-3) {n-m+1) . (1) 

(136.) If we suppose that each permutation compre- 
hends all the n letters ; or, in other words, if m=n, 
formula (1) becomes 

«(»-!) (n-2)(n-3) . 1. 

or 1, 2, 3, (n-l)» ... (2) 

Hie number of permutations of n quantities taken all 
together. 

Examples. 

1. Required the number of permutations of 8 let- 
ters, taken 5 and 5 together. 

Ans. 6720. 

2. Required the number of permutations of 8 let- 
ters, taken all together. 

Ans. 40320. 

(137.) The combinations of any number of quanti- 
ties signify the different collections which may be 
formed of three quantities, without regard to the or- 
der in which they are arranged in each collection. 
Each combination must, therefore, have one letter dif- 
ferent from any other of the combinations. 

Thus the quantities a, b, c, when taken all to- 
gether, will form six different permutations, but only 
one combination ; and taken two and two, they will 
form six permutations, and but three combinations^ 
(Uff aCj be. 
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(138.) To find the number of combinations of n 
quantities, taken m and m together. 

Each of these m quantities being separately per- 
muted, will furnish 1, 2, 3, m permutations, 

which, being multiplied by the whole number of com- 
binations, will give the whole number of permutations 
of n quantities, taken m and m. Therefore, 

The whole number of permutations^ divided by the 
number of permutations of each combination, will 
give the number of combinations of n quantities, 
taken m and m. 

. M^"l)(^-2) (n-m+1) 

1.2.3 {m) ' ^"^^ 

is the formula required. 

Examples. 

1. Required the number of combinations of 9 letters, 
taken 3 and 3. Ans. 84. 

2. Required the number of combinations of 9 letters, 
taken 4 and 4. Ans. 126. 

BINOMIAL THEOREM. 

(139.) If we multiply 

X -|-a 
by X -^-b 



we Bhall have z'*'\-{a-\-b)x-\'ab 
Again, multiply by x -\-c 



we shall have x^'\-{a-^b'\-c)a^-\'[ab-\'€ie-\'bc)x-\'abe 

Again, multiply by x -^-d 



we have x*-\'{a-\'b^c-\-d)x*'\-{ab-\-ac-\-ad'\'bc^bdr\-ei)a^ 

-\-{abc-\'abd^acdr\-bcd)x-\'abed. 

We perceive in each of these products that the co- 
efficient of x in the first term is one ; the coefficient 
of the second term is the sum of the second terms of 
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the binomial factors ; the coefficient of the third term 
is the sum of all their combinations^ taken two and 
two ; the coefficient of the fourth term is the sum of 
all their combinations^ taken three and three, &c. 
If now we make a, 6, c, rf, &c., all equal to each 

other, the product {x+a) {x-\-b) (x+c) 

becomes (x+a)°. 

The coefficient of the second term becomes na ; the 
coefficient of the third term becomes a', repeated as 
many times as there are different combinations of n 
letters, taken two and two, or 

n{n-\) , 

— ^ -or 

1.2 ^• 

The coefficient of the fourth term becomes a", re- 
peated as many times as there are different combina- 
tions of n letters, taken three and three, or 



w(«-l)(n-2) 

— j-g-g— a , &c. 



If we put the development of any power of a bino- 
mial under the form 

(l+a;)"=A,+A,a;+A3a;»+ KP^-^. . . ., 

so that A„ indicates the coefficient of the wth power 
of a;, as A^ is the coefficient of a:", then it will be found 
that 

A -1 A -? A - M^"^) A _ M^~1) (^~2) 

-^0 ^^ •"■! 1' ■"■2 12' ^ 1 2 S * 

Now, in order to deduce the expression for A„, or 
the coefficient of any power in the development, we 
remark that the value of A, is a fraction having one 
factor in each member, that A^ is a fraction having two 
&ctors in each member, that A, is a fraction having 
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three factors in each member, &c. ; hence we conclude 
that A„ is a fraction having m factors in each member. 
We next remark that the factors in the numerator suc- 
cessively decrease in value by a unit, the first factor 
being n, and therefore the last in the expression for 
A„ must be »— (w— 1) or n—m+l ; and the factors in 
the denominator successively increase in value by a 
unit, the first factor being 1, and therefore the last in 
the expression for A„ must be l+(»i— 1) or m; hence 

_w(»~l)(w— 2) (n—m+l) 

^■" 1.2.3 TTTT^ m • 

The numerator expressing the continued product of 
all numbers differing by unity fi-om n to n—m+l in- 
clusive, and the denominator the continued product 
of these from 1 to w inclusive ; and if in this result 
we write, instead of m, the successive values 1, 2, 3, 4, 
&c., we shall get the particular values for A,, A^, A3, 
&c. 

We can express the law of continuity among such 
a series of numbers by an algebraic relation between 
any two or more consecutive ones in the series. Thus, 
A,_w A2__w— 1 A3 _»— 2 . 

a;"!' a; 2~' a;""3"' ^•' 

hence we may conclude that 

A„ n—m+1 



m 



or, by clearing this first member of its denominator, 
A„- - A„_,-A„_i. - , 

which, together with the fact that A ^ = 1, makes known 
the whole of the coefiicients. Thus, since A«=l, 
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A,— A,. 



n—1+1 n 



m $ 



1 1' 

_ «-2+l _ n(«-l) 
A, -A,. 2 - 1.2 ' 

-A »-3+l _ «(«-l) («-2) 
A,-A,. g - 1 2.3 ' 

&c., &c., &o., &c. 

If we write the above thus, 

A.=l, 

A=-A 

A =^A 
f^— 2 



W-OT+l 



m 



The continued product of the two members of these 
equation gives 
A A A A A. A - ^(^-■1)(^~2) ♦ - ■ jn-m+l) 

AjAjAj . . . A,o_4, 
and, dividing both members by A^^AjA^ . . . A,^i, we 

have 

__w(«— l)(w— 2) . . . (n—m+l) 

^ 1.2.3 77. m • 
(140.) Many remarkable properties of these quanti- 
ties may be deduced from these relations among them. 
Thus, 

1°. If we put S. A„ to represent the sum of the co- 
efficients, then, making x=ly we shall have 
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(1+1)"=A,+A,+A,+ . . . A^ 

or 2-=S.A„. 

That is, the sum of the coefficients of all the terms of 

the formula for the binomial is equal to the nth power 

of 2, 

2°. If w be an odd whole number, or n=2w'+l, by 

making m=n'+l, we shall have 

_ 2n^+l-n^-l+l _ 
An'+i — n'+l A,'— A„" 

That is, the coefficients of the two middle terms of the 
development are equal to each other, 

3°. If n be any integer, the coefficient standing wth 
from the last, or A„, may be represented by A„_a, and 
writing »— w, instead ojf m, in the expression for A^,, 
we have 

___«(n— 1) («— 2) . . . (n+1) 

•**n — ta — — — — 

1 . « . 3 . • • ?t— 'fit 

n{n — 1) {n — 2) . , (» — in-\-l) (« — m) {n — m — 1) . . . (m-|-l) 



1.2.3 ... m . m-\-l i»-f-2 . . . n — m 

n{n — 1) (n — 2) . . . (n — w-j-l) 

1.2.3 ... m 

Or, the coefficients of the terms equally distant from 
the two extremes are equal to each other, 

(141.) From the above we perceive that the nth 
power of (x+a) is 

»_i . n(n—l) „ - , nln—l) («— 2) 
{x + aY=x''+nx'^'a + ^ g V "" V + ]~23~'^ 

a;"-"^+ . . . +nxa'^'+a\ 
(142.) Therefore, in every development of a bino- 
mial, the index of the first quantity begins with that 
of the given power ^and decreases continually by unity 
in every term to the last, and the indices of the second 
quantity are 0, 1, 2, 3, &c. 
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The coefficient of the first term is unity ^ that of the 
second is the index of the power of the firsts and for 
the others, if the coefficient of any term be multiplied 
by the index of the leading quantity in it, and the 
product be divided by the number of terms to that 
place, it will give the coefficient of the term next fol- 
lowing, 

"When « is a positive whole number, the series will 
consist of «+l terms. In all other cases it will be in- 

n 

finite. If we wish the expansion of (x4-a)', we shall 
have, by substituting - for m in the above series, 

-f--i) 

(a;+a)'=af+-af a+— rj — g— a;' a'+, &o. 

n n 

\ «af a . w(w— r)x' a* ^ 
'.^ n a , n(n—r) a* 

which is a general expression for finding the approzi. 

n 
mate value of any binomial, - being ei^het positive or 

negative. 

Examples. 

3 

1. Find the value of (a^—x^Y in a series. 
Here, by Article 142, the terms without the coef- 
ficients are 

(a'Y, (a'PxN (a') ^x', (a^fV, &o. 
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The ooeffioient of the 1st term is 1, 

3 

« « " 2d " 



a a a Qi 



a " « 4th 



4' 

1.2 32' 

1.2.3 ~128' 
a 3 3 0" 3 X* 5 X* 

^ ' 4 a* 32 a* 128 a* 

{Art. 43). 

Or, if we multiply both numerator and denominator 

of every term except the first hy a , we shall have 

} I 3 a*a;* 3 a^x* 6 a^x* 
(a'-x») =a -4- -^-32- "^""128"^"^ ^• 

I 3a;* 3x* 5x* . 

=^ ^^-2V"2V"2V""' ^^'^' 
1 

2. Convert (1— x*)^ into an infinite series. 

x' X* 5x\ lOx" 

AflS, A o qa 04 Q* * 

1 

3. Convert (a'+x')^ into an infinite series. 

X x" 3a;' 3.5a;* 

'^''^- ''■^2^ 2:4^"^2:4J5a "2.4.6. 8^^''"' ^• 

1 

4. Convert 7 — -rri or its equal (a+i)~" into an in- 

mu »ri... An.. i.-?»+2?_^+5*:-, &„. 

a' a' a* a* a* 

5. Convert — ; — into an infinite series. 

a+x 

a;* X* X* 

ilfw. a— x+ ;H — i— , &a 

a a a 



INDETERMINATE COEFFICIENTS. 217 

6. Convert (l—sy ^^ ^^ infinite series. 

. ^ X z* 5x* 
Ans. 1--^— -_-, &o. 

7. Convert (1— a;)"* into an infinite series. 

Ans. l+x+x'+x*+x*-{-, &c. 

8. Convert (a+x)'^ into an infinite series. 

^ 1 4tx , 10a;' 20a:« . 

Ans, — — j-H — 5 —+, &c. 

a* a a a' 

9. Convert (8+2)' into an infinite series. 

Ann. 2{l+^-^-g-^+^_, &o.|. 

I 

10. Convert (1+a;)' into an infinite series. 

A 1^* «' _L 3a;* 3.5a;* , , 
^"*- ^+2-2:4+2X6-0:6:8+' ^- 

11. Convert (a+a;) into an infinite series. 

. in , a; 2a;' , 2.5a;' , , 



1 
k5 



12. Convert •/2 or (1+1)^ into an infinite series. 
. , 1 1 _^ 3 3.5 . 

^- ^+2""2:4+2X6""2X6:8~' ^""^ 

/i/ K INDETERMINATE COEFFICIENTS. 

(IM.) We have seen {Art. 141) that any binomial 
of the form (a+i)" may be expanded in a series of the 
form 

a"+»a»-*6+^^^a-''6»+, &c., 
I whatever may be the value of n; but, although this 
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theorem is very extensive in its application, mathe- 
maticians have invented another method for the de- 
velopment of quantities, more simple in its first prin- 
ciples and more general in its application. This is 
called the method of indeterminate coefficients. We 
shall proceed to explain its natare. 

In order to convey an idea of this method, let it be 
required to develop the expression 

a 



a'+Vx' 
in a series ascending by powers of x. It is manifest 

that such a development is possible, for ,, may be 

d 'T'O X 

put under the form a^a'+b'x)"^^ and, by applying the 
Binomial Theorem to this expression, we shall obtain 
a series ascending regularly by powers of x. Let us 



assume 
a 



a'-\-b'x ' ^ ' 

where A, B, C, D, E, F, &c., are quantities involving 
a, a', 6', but independent of x. Coefficients whose 
value we are required to determine, and which, for that 
reason, are called indeterminate coefficients^ or, more 
properly, coefficients to be determined. 

In order to ascertain the value of these coefficients, 
let us multiply the two members of equation (1) by 
{a'-]rb'x) ; then, arranging the result according to the 
powers of re, and transposing a, we find 

O=-Aa'-a+(Ba'+A6'):zJ+(Ca'+B6')a;'+(Da'+C60a;'+, 
&« (2) 
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We may here remark, that if we suppose the values 
of A, B, C, D, properly determmed, equation (1) must 
hold good, whatever may be the value of Xy and in 
like manner must equation (2) also. 

Suppose that x=Oy this last equation becomes 

Aa'— a=0, 

a 
from which A=— . 

a' 

a 
A being equal to — , when a;=0, must preserve the 

same value, whatever may be the value assigned to re; 

for, by hypothesis, A is independent of x, therefore, 

whatever may be the value of re, equation (2) reduces 

itself to 
0={Ba'+Ab')x+{Ca'+Bb')x'+{Da'+Cb')x*+...j 

or, dividing by x, 

0={Ba'+Ab')+{Ga'+Bb')x-\'(Da'+Cb')x'+. . . (3) 
Since this equation must hold good, whatever may 

be the value assigned to re, let us make ri;=0, then 

Ba'+A6'=0; 
A6' 



B= 



a' 
b' a 



a' a' 
ab' 



a'* 



Since B must preserve its value whatever may be 
the value of re, we may suppress in (3) the first term 
Ba'+A6', which disappears by the value of B, and, di- 
viding both members of the equation by re, it becomes 
0=:Ca'+Bb'+(Da'+Gb')x+(Ea'+Db')x''+... 
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Let US, again, make x=0, we shall have 

Ca'+BA'=0 ; 
Bft' 
a' 

In like manner, we shall find 

a*" 



D= 



a'*' 



and so for all the rest. We at once perceive that each 

coefficient is found by multiplying the one preceding 

h' 
by — :; hence the series will be 

a _a aV .aV^ ab'^ ab'* , 

lit/ "" I n*^ • i« '^'~ 14 "^ I /t ^ ""j 050. 

a'+6'x a' a' a'* a' a' 

If we reflect upon the reasoning employed in the pro- 
cess we have just executed, we shall at once perceive 
that the fundamental principle of the method of inde- 
terminate coefficients consists in this, that 

If an equation of the form 

0=A+Ba;+Ca;'+Dx'+, &c., 

(A, B, C, D, &c., being coefficients independent ofx) 
hold good, whatever be the value of x, then each of 
the coefficients must separately be equal to zero. 

In fact, since the coefficients are independent of x, 
if we can determine their value by making particular 
suppositions with regard to the vsdue of re, these values 
must still be the same, whatever vjdue we may after- 
ward assign io x. 
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But by making x=0, we find A=0, and both mem- 
bers of the equation being divided by x, it beoomes 

0=B+Ca;+Da;'+, &c. 
Making x=0 in this new equation, we find 

B=0, 
and the original equation is reduced, after dividing 
by Xy to 

0=C+Dx+, &c., 
and so on ; we then have 

A=0, B=0, C=0, D=0, &c., 
separately. And in this manner we obtain as many 
equations as there are coefficients A, B, C, D, &c., to 
be determined. 

This principle may be enunciated under a different 
form. If we have an equation of the form 

a-f te+ca;*+dic'+, &c.=a'+6'x+c'a;'+rf'a;'+, &c., 
and it holds goody whatever be the valtie ofx, then the 
coefficients of the terms affected by the same powers of 
X in the two members of the equation are respective^ 
ly equal to each other. 

For if we transpose all the terms into the first mem- 
ber of the equation, the equation will be of the same 
form as that given above, from whence we may con- 
clude that 

a-a'=0, 6-6'=0, c-c'=0, d-d=0] 
and .'. a=a', 6=6', c=c', d=d\ 

The method above elucidated may be summed up 
in the following 

Rule. 

1. Assum^e the proposed expression equal to a series 
with unknown coefficients. 
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2. Clear the equation offractianSj or raise it to its 
proper power, 

3. Equate the coefficients of homologous terms, and 
find the value of each ; or, transpose all the terms into 
one member, and equate the coefficients with zero. 

Examples. 

1. Convert ^_^ _r. , into a series by the method 

of indeterminate coefficients. 

1-x 

Assume ^ — ^^ i^-^=A+Ba;+Ca;'+Dx'+, &o. 

1— 2a;— 3a; 

Clearing of fractions and transposing, we have 

(A-l)+(B-2A+l)a;+(C-2B-3A)a;H(D-2C-3B) 

a;'+, &c.=0. 

Hence we must have 

A-1=0, or A=l, 

B-2A+1=0, or B=l, 

C-2B-3A=0, or C=5, 

D-2C-3B=0, or D=13, 

Sec, &c. ; 

1—x 

•*• 1 — ^ 5— =l+a;+5a;'+13a;'+, &c. 

l--2a;— 30;" 

l—x 

2. Convert r-7— into an infinite series. 

Ans, l-2a;+2a;'-2a;'+2a;*-, &c. 

3. Convert (a^—x^Y into an infinite series. 

x^ X* X* . 

^^'- ^-2^""8^"I6^-' ^' 

l+2a; 

4. Convert ^ — o" into an infinite series. 

1— 3a; 

Ans, l-f5a;+15a;'+45a;*+, &o. 
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1 

5. Convert (1+a;)^ into an infinite series. 

X X* X* 5x* 
Am. l+--_+_-_+, &o. 

(144.) By the method of indeterminate coefficients 

we can develop ; for if we adopt the same nota- 

x-~'y 

tion as Art, 139, we shall, if we assume 

^:=f =A,+A,y+A,y'+A3y"+...A^+,&c. . (1) 
X y 

Clearing this equation of fractions and transposing, 

we have 

0=A,a;-x"+(A,a;-AJy+(Aaa:-AJ.y'+. . . 

(A„x- A_Oy°+^ . • . +» &o. ... (2) 

Hence we must have 

A,a:-x» =0 .-. k^x=x'^ r. A,=a;"-» . (3) 
A,a;-Ao=0 .-. A,a;=A, .-. A,=x"-' . (4) 

and A,a;-A^i=0 .-. A„a:=A^i .-. A„=a;'^"-*. (6) 
Equating the coefficients of y™ to zero, we have 

A«a:— A^i+1=0, or A„a;-A„_i=-1 . (7) 
If in (6) we put m— 1 for n, we shall have 

Substitute this value of A„_i in (7), we obtain 

A„a:-1=-1, 
or Aroa;=0 ; 

And hence all the succeeding values of the coefficients 
will become zero, and the division will terminate with 
that term whose coefficient is A„_i, or where the ex- 
ponent of y is (w — 1). 
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These values being substituted in (1), give 
x—y 

SUMMATION OF INFINITE SERIES. 

(145.) Though an infinite series consists of an un- 
limited number of terms, yet in many cases it is not 
difficult to find the sum of the terms ; for, generally, 
it is a progression of quantities decreasing according 
to some regular law. 

(146.) Let - and — - — be two firactions ; then 

Q Q _ Pq 



r r+p r{r+p) ' 
or, by dividing by /?, we have 

1 ( 2 q_ ) ^ g 

p\r r+p ) r{r+py 
We see, therefore, that any fraction of the form 

n 1 

is equal to the -th part of the difference be- 



r{r+p) ^ p 

tween the two fractions - and — ; — ; hence, if there be 

r r+p 

any series of fractions of the form . v , we may 

find the sum of the series by taking the ^th part of 
the difference of the above fractions, when this differ- 
ence is known. 

Examples. 

Ill 

1. Required the sum of the series i o I o o "^o~7+> 

1.^ lO.o tj.4 

&c., continued to infinity. 
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Here ^=1, p=l', also, r=l, 2, 3, 4, 5, &o., suc- 
cessively ; 

1111 



1 

P 



/-i \ \ \ }'=l=sum. 

- (2"'"3"*"4"'"5"*"' ^^')^^^fi^' 

2. Required the sum of the above series to n terms. 
We perceive that the denominator of the second 

term of the jfraction - is 2, the third 3, &c. ; .*. the 

denominator of the nth term must be n. We jdso see 
that the denominator of the first term of the fraction 

—r— is 2, that of the second 3, &c. ; .*. the denomin- 
r-tp 

ator of the »th term must be n+1 ; hence we have 



11 1 

■^+2^3"^ n 

V2^3^' n^ 



n n+1 ) 



=1 ^ » 



n+1 n+V 



111 

3. Required the sum of the series t- o+o^+5~^+> 

l.o o.o 0.7 

&c., continued to infinity. Ans, ^. 

4. Required the sum of the above series to n terms. 

5. Required the sum of the series 
1111 



1.4"*"2.5"'"3.6"^4.7"'"' *^' 
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CHAPTER VII. 



DEMONSTRATION OF THE RULE FOR FtNDINO THE GREAT- 
EST COMMON MEASURE CONTINUED FRACTIONS ^LOGA- 
RITHMS ^EXPONENTIAL EQUATIONS ^INTEREST AND AN- 
NUITIES. (See Art, 56.) 

(147.) Let P and p be any two polynomials what- 
ever, P being the greater; then 



p 
P<1 




p 
p 

Rg-' 


R 


P- 
R 

tf"R' 


R«7'=R' 
R' 


R- 


-9"R'=0 



P=;>5+R 



(1) 



;>=^'R+R' 



(2) 



(3) 



•. R=^"R' . . . 
If we substitute in (1) and (2) the expression q"'K* 
for its equal R, we shall have 

P=M+^"R' (4) 

;?=^Y'R'+R' .... (5) 
The second member of (5) is divisible by R' ; hence 
the first member, ^, or the less polynomial, must also 
be divisible by the same R'. 

Substituting the value of ^ iii equation (4), we obtain 

P=^(?V'R'+^R'+^"R' .' . . (6) 
The second member of this last equation can be di- 
vided by R', and therefore the first member can also 



CONTINUED FRACTIONS. 227 

be divided by the same quantity ; that is, the poly- 
nomial P is divisible by R'. Therefore, R' is a com- 
mon measure of both polynomials. That it is the 
greatest common measure is evident, because every 
common measure of F and p is also a measure of 
P— ^5'=R, and every common measure of ^ and R is 
also a measure of ^— ^'R=R'. But the greatest meas- 
ure of R' is R' itself. Hence R' is the greatest com- 
mon measure of P and p, 

CONTINUED FRACTIONS. 

(148.) The name Contirmed Fraction is given to 
an expression of the form 

1 

a+1 



6+1 



c+1 



rf+, &c. 
That is, a fraction whose numerator is unity, and its 
denominator an integer increased by a fraction, whose 
numerator also is unity, &c. 

Let us take the above continued fraction, and find 
its value as it there stands. 

Begiiming with the last fraction, we have in suc- 
cession, 

c+l_ grf+l 

dT d 
1 



C + lr= 



d 



, crf+1 
a 

^-r^_ b(cd-Vl)'Vd 
d 



I 



228 ELEMENTS OF ALGEBRA. 



b+1 ^ cd+1 

€-{-1" (bc+l)d+b 
d 

g+l 

6+1 ad(bc+l)+ab+cd+l 

c+1" (bc+l)d+b 
d 



fe + 1 = , , . ^ V . . , . — r-rT=value of the 
— r {ab+l)cd'\-ad-\-ab+l 

d 
continued fraction. 

(149.) The separate fractions, 

1 ^ ^+1 

a' """^e bVV 

- 

c 

are called approximating fractions, because each af- 
fords a nearer value of the given fraction. 

Let us proceed to find the approximating values of 
the continued fraction, 

1 

a+1 



b+l_ 
c+, &c. 

-=lst approximate value. 

g+l= . , ^ =2d approximate value. 
b 
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C 

Each of these values is easily shown to be more ao- 
cnrate than the preceding; for the second value is 

what the first becomes by substituting for the denom- 

1 

inator a the more accurate denominator a+t; the 

third is what the second becomes by substituting for 
the denominator b the more accurate denominator 

o-\ — , and so on. 
c 

(150.) The numerator of the nth approximating 
fraction is obtained by multiplying' the (n— l)st nU' 
merator by the nth denominator contained in the given 
continued fraction, and adding to the result the nu^ 
merator of the (n--2)d approximating fraction. 

The denominator is obtained in the same way from 
the two preceding denominators. 

(151.) To convert a given irreducible fraction into a 
continued fraction, we have the following 

Rule. 

Divide the greater of the two terms of the fraction 
by the less, and the last divisor continually by the last 
remainder, as in finding the greatest common meas* 
ure ; then the successive quotients thus found will be 
the denominators of the several terms of the con* 
tintted fraction, the numerators of which are always 
unity. 
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Examples. 

351 
1. Transform yrpr^ into a oontinned fraction. 



965 



965 
702 



851 

263 



263 
176 



88 
87 



87 

87 



351 1 



351 
2=lst quotient, 



263 



l=2d quotient, 
88" 
2=3d quotient, 
87_~ 
l=4ih quotient, 



87=5th quotient ; 



■ ■ 965 2+1 



1+1 



2+1 



1+1_ 

87 the continued fraoticHi re- 



quired. 



2. Transform tttt;; into a continued fraction. 



9119 



Ans. 1 



8+1 



3+1 



8+1 



6+1 
9. 
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251 

3. Transfonn =^ into a continued fraction, and find 

the approximate values. 

1 22 23 114 
Ans. App. val. g, ^, y^, ^, 

4. The ratio of the diameter of a circle to the cir- 
cumference is 1000000 to 3141592. Find approxi- 
mate values for this ratio. 

3' 22' 333' 

532 

5. Transform ttko ^^ ^ continued fraction, and 

find the approximate values. 

1 4 33 

2' 9' 74* 

6. Transform g^ into a continued fraction. 

Ans. 1 



1+1 



2+1 



3+1 



4+1 



5+1 



6+1 



7+1 



8+1 
9. 



THEORY OF LOOARITHHS. 

(152.) Logarithms may be considered as the expo- 
nents of the powers to which a given or invariable 
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number, called the base of the system, must be raised 
in order to produce all the natursd numbers. Thus, if 

then will the exponents a;, re', od'^ &c., of a be the log- 
arithms of the numbers y, y, y", &c., in the system 
whose base is a. 

(153.) So that from either of these formulas it ap- 
pears that the logarithm of any number is the index 
of the power to which it is necessary to raise the base 
of the system in order to produce the number. 

And since the base a in the above expressions can 
be assumed of any value greater or less than unity, it 
is plain that there may be an infinite number of sys- 
tems of logarithms answering to the same natural 
number. 

(154.) It is also further evident, from the first of 
these equations, that when y=l, a;=0, whatever may 
be the value of a ; and therefore the logarithm of 1 is 
always in every system of logarithms. 

And if rc=l, it is manifest, from the same equation, 
that the base a will be equal to y ; which base is, 
therefore, the number whose proper logarithm, in the 
system to which it belongs, is unity. 

(155.) Also, because a*=y and a"=y', it follows, 
from the rule of multiplication, that 

a^^^'^yy', 
and therefore, by the definition of logarithms given 
above, 

a;+a;'=log. yy'j 
or log. yy'=\og. y+log. y'. 

And, for a like reason, if any number of equations 
a"=ry, a"=y, a*"—y"^ &c., 



THEORY OF LOGARITHMS. 233 

be multiplied together, we shall have * 

/. x+x'+x"+y &o.=log. yy'y". 

From which it is evident that the logarithm of the 
product of two or more factors is equal to the sum of 
the logarithms of those factors. 

(156.) Hence, if all the factors of a given nmnber 
be supposed equal to each other, and the sum of the 
logarithm be denoted by m, the preceding property will 
then become 

log- y"=w log. p. 
From which it appears that the logarithm of the mth 
power of any number is equal to m timss the loga^ 
rithm of that number. 

(167.) In like manner, if the equation (f=y be di- 
vided by a^'^y'y we shall have 

x-x» y 

or = — « 

and, by the definition of logarithms, 

log. -= log. y- log. y\ 

Hence the logarithm of a fraction^ or of the quotient 

arising from dividing one number by another, is equal 

to the logarithm of the numerator minus the loga^ 

rithm of the denominator. 

(158.) And if each member of the equation a"=y be 

m 
raised to the fractional power denoted by — , we shall 

have 



m 


m 


a° 


=y° 



And consequently, taking the logarithms as before. 
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AM 

log. s^"=- log. y. 
fi 

Henoe the logarithm of a fractional power of any 
number is found by multiplying the logarithm of the 
given number by the numerator of the index of that 
power ^ and dividing the result by the denominator, 

(159.) And if the numerator m of the fractional in- 
dex be unity, the above formula will become 

1 1 

log. y°=- log. y. 

Hence the logarithm of the nth root of any number 
is equal to the nth part of the logarithm of that 
number, 

(160.) Although the properties here mentioned are 
common to every system of logarithms, it was neces- 
sary, for practical purposes, to select some one of them 
from the rest, and to adapt the logarithms of all the 
natural numbers to that particular system ; and as 10 
is the base of our present system of Arithmetic, the 
same number was chosen for the base of the loga- 
rithmic system. 

According to this system, we shall have 

10*'= 1 .-. log. 1=0 

10^= 10 .-. log. 10=1 

10"= 100 .-. log. 100=2 

10''=1000 .-. log. 1000=3, 
&c., &c. 

1 
10-'= Jq .-. log. .1=-1 

10-"=jQ0 .-. log. .01= -2, 
&c., &c., 
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which are evidently a set of numbers in arithmetical 
progression, corresponding to another set in geometrical 
progression. 

It is also evident that the logarithm of any number 
between 1 and 10 will be zero + a decimal ; between 
10 and 100 it will be 1+ a decimal. The integral part, 
which is called the index or characteristic, is always 
one less than the number of integers which the natural 
number consists of, and for decimals it is the number 
which denotes the distance of the first significant figure 
from the decimal point. 

(161.) To find a series for the logarithm of any 
number in terms of the number itself and the base of 
the system. 

Let y be any number whose logarithm is x, in a 
system whose base is a, then 

or a°"=2r, 

or {i+(a-i)r={i+(y-i)r; 

.'. by development, 
l+mx{a-l)'\ ^— g— ^(a-l)'+ . . . =l+w(y-l) 

mlm—l), ^.^ 
+ 1.2 V^""^) + • • • 
Subtracting unity from each and dividing by w, 

<y-ir+ . . . 

Arranging according to powers of m, we have 
a:{(a-l)-i(a-ir+i(a-ir-i(a-ir+ . . . } 
+Pm+2m'+ . . . 

-fP'Wf+2'?7?'+ . . . 



336 CLEMENTS OF ALGEBRA. 

Where P, Q,, P', Q,' are independent of m, and since 
m is indeterminate, we Lave, by comparing coefficients 
of homologous terms, 
x{a-l)-i{a-iy+i{a-iy-i{a-lY+ . . . =(y-l) 

-i(y-i)'+i(y-i)'-l(y-i)*; 

/. Xj or the log. y= 

(y-i)-i(y-i)' +Uy-n-Hp-iy+ 

(a-l)-i(a-ir+i(«-l)'-i(«-ir+' 

&c.=A, we shall have 
log. y=A{(y-l) ^i(y-ir + i(y-ir-i(y-l)* 

+i(y-ir-,&c.}, 

the series required. 

The expression for the logarithm of any number ts 
composed of two factors^ one dependent on the num^ 
ber, and the other on the base of the system in which 
the logarithm is taken. 

The factor which depends on the base is called the 
modulus of the system of logarithms. 

(162.) If we take the logarithm of ^ in a new sys- 
tem, whose base is a', and denote it by /', and the 
modulus by A', we shall have 

z'.y=A'{(3^-i)-i(3^-i)!+i(y-ir-i(y-ir+-..} 

Hence, calling the first log. of y, /, we shall have 

Z . y : Z'y : : A : A' ; therefore. 
The logarithms of the saToe number^ taken in two 
different systems, are to each other as the moduli of 
those systems. 

Now, as the modulus of the Naperian system is 
unity, we shall have, by putting A'=l, 

A,Z'.y=/.y. 



THEORY OF LOGARITHMS. 237 



! That is, the Naperian or hyperbolic logarithm of any 
I number^ multiplied by the modulus of another system^ 
is equal to the logarithm of the same number in that 
I system. 

(163.) From the equation 

; AJ\y=Ly, 

we have ^^~~A"' 

or, the logarithm of any number divided by the m^od- 

ulus of its system is equal to the Naperian logarithm 
I of the sam>e number, 
' (164.) To find the logarithm of a number in a con- 

verging series. 
We have seen that if a*=y, then 

^-^\ 1 3^3 4 ^'• 

Let ^=1+3^ .*. y—l=y', x=\og. y=log. (1+y'); 

.-. log. (i+y)= A (t-yl^yl-yl+ . . . ). 

Lety"=l— y* .•. y"—l=—y'; and henoe, 

.-. log. (i-y)=A(-^-^-^'- . . . ) 

.-. log. (l+y')-log.(l-y')=2A(^+^'+|-V...) 



« 



1^ 1+3^-94 (y'jf\y\\ 



Now any number y may be put under the form 

y+l 
y= — - — 5- 

y+1 
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Substituting, therefore, — ^^r for ^ m the above 
series, we have 

A series which is always convergent, since the de- 
nominator of any term is greater than the numerator ; 
and from this series the logarithm of any number may 
be calculated. 

EXPONENTIAL EQUATIONS. 

(165.) Exponential Equations are such as contain 

quantities with unknown exponents. 

Ex. 1. Q-iven a*=6 to find the value of x. 

The logarithms of the two members of this equation 

give X log. a=log. b ; 

log. cH 

or log. a;=log. of log 6— log. of log. a, 

963a; 87 
Ex. 2. Given ^^^^^^ 

Clearing the equation of fractious, we have 

9630a;= 1279x87 
1279x87 
*~ 9630 ' 
or log. a;=log. 1279+log. 87-log. 9630. 

log. 1279=3.10687 

log. 87= 1.93952 

6.04639 

log. 9630= 3.98363 

log. «= . . . 1.06276 

.•. a;= 11.555. 
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Ex. 3. Griven oTq^'S"' ^ fi^d the value of x. 

Ans. a;= 1768.3. 
Ex. 4. Given 625'=3125 to find the value of x. 

Ans. a; =1.25. 
Ex. 5. Q-iven 3* =15 to find the value of x. 

Ans. 2.464. 
Ex. 6. Griven 10'=3 to find the value of x. 

Ans. a;=0.477. 

Ex. 7. Griven a6'+c=-i to find the value of a;. 

a 

log, (flfe-c)-log. a 

Ans. x= z 7 . 

log. o. 

COMPOUND INTEREST. 

(166.) In the solution of problems in Compound In- 
terest and Annuities, logarithms may be used with 
great advantage. 

Let p represent any principal in dollars, 
r the interest of one dollar for 1 year ; 
then 1+r equal the amount of one dollar for 1 year, 
and ^(l+r)=the amount of principal for 1 year ; 

.'. p(l+r) +pr{l+r) =jt?(l+r)'=amount2dyear, 
and p{l+ry+pr{l+rY=p{l+ry=a.mount 3d year. 
Hence the amount in any number (t) of years will 
be, if we put A=that amount, 

p{l+rY=A .... (1) 

Examples. 
1. What will $8750 amount to in 12 years at 6 per 
cent, compound interest ? 
Here we have 8750(1.06)"=A ; 
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/. log, A=log. 8750+12 log. 1.06. 
log. 8750=3.942008 
12 log. 1.06= 0.303670 
log.A= . . . =4.245678 
/. A=$17606.72. 

2. What will $5000 amount to in 40 years at 4 per 
cent, compound interest ? Ans. 24005.10. 

3. The amount of $400 at compound interest for 
9 years was $569.333 ; what was the rate per cent. ? 

log. (l+r)=-(log. A-log.;?), 

1 

or log. (l+r)=g(log. 569.333-log. 400). 

Ans. .04, or 4 per cent. 

ANNNUmES. 

(167.) To find the amount of an annuity for t years 
at compound interest. 

At the end of the first year the annuity a will be- 
come due ; at the end of the second year, a second 
annuity a will become due, together with the interest 
of the first payment a for the one year, that is, ar ; 
the whole sum upon which interest must now be cal- 
culated is 2a+ar, Thus, 
The whole am't at the end of the 1st year=a, 
« << " « 2d year=«+a+ar 

=a+a(l+r), 
At the end of the 3d year, 

=a+a+a{l+r)+ar+ar{l+r) 
=a+a(l+r)+a{l+r)% 
At the end of the 4th year, 

=a+a{l+r)+a(l+ry+a{l+ry ; 
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/. The whole amount at the end of the ^th year is 
o+a(l+r)+a(l+r)"+a(l+r)'+ . . . +a(l+r)^'; 
.-. A=a{l+(l+r)+(l+r)'+(l+r)»+ ... (1+rp}. 
A geometrical progression, 

. o(l+r)'-l 

r ' 
which in logarithms is 

log. A=log. a+log. {(l+r)*— 1}— log. r. 
Ex. An annuity of $50 has remained unpaid for 6 
years ; what sum is now due, compound interest being 
reckoned at 6 per cent. ? 

log. A=log. 50+log. {(1.06)*-l}-log. .06. 

log. 50=1.698970 

log. (1.06'~l)= r.621715 

1.320685 

log. .06= 2.778151 

$348.61 . . 2.542534. 

(168.) To find the present value of an annuity a 
payable for t years at compound interest. 

The present value is such a sum as, being put out 
at interest for t yQdits at the given rate, will amount 
to the same sum as the annuity. 

Let p=the present worth, r=rate per cent. ; then 
J9(l+r)*= amount of the annuity ; 

(l+rV- 
or p=- 



a {l+ry-l_a\ 1_) 



r • (1+r)' r I (1+r)' 

Hence, to find the present worth of an annuity, divide 
the amount of the annuity unpaid by the amount of 
one dollar for the same number of years. 

L 
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Ex. What is the present value of an annuity of 
9500, to last for 40 years, compound interest being 
allowed at the rate of 2^ per oent. per annum ? 

Ans. f 12551.40. 

To find the present valvs p of an estate or perpe^ 
tuitp, whose annual rental is a, compound interest be^ 
ing reckoned at the rate r. 

The present value of an annuity a to continue for t 
years is, by the last {problem, 

but if the annuity last forever, then i^=QO, and 

hence p=-. 

^ r 

That is, divide the amount of the annual rental by 

the number representing the rate per cent., the quo- 

tient will be the present value, 

Ex. What is the value of an estate whose rentsd is 
$1500, allowing the purchaser 5 per cent, for his 
money ? 

Ans. $30,000, or 20 years' purchase. 



CHAPTER VIII. 

DERIVATION— GENBEAL THEORY OF EaUATIONS. 

SECTION I. 
ON DERIVATION. 

(169.) When quantities are so connected that the 
value of each is dependent upon that of the others, 
each is said to be a function of the others. 

Thus, if x=ay+b, re is a function of a, b, and y ; 
but if y is variable while a and b are constants, the 
more usual method is to regard x simply as a function 
ofy. 

In case of a change in the value of a function, arising 
from an infinitely small change in the value of one of 
its variables, the relative rate of change of the funC' 
Hon and the variable is called the derivative of the 
function, 

(170.) The derivative of the sum of two functions 
is equal to the sum of their derivatives. 

Let the functions be u and v, and let their values 
arising from an indefinitely small change h, in the 
value of the variable, be u' and v', then 

u^—u _ v'— v 

— 7 — and — r— 
ft ft 

will be their derivatives ; but the increase of their sum 

will evidently be 

w'+v'— (w+v), 

or u'—u+v'^v ; 
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and therefore the derivative of the sum is 

A ' 

which is evidently the sum of their derivatives. 

By changing the sign of v, it will be shown that the 
derivative of the difference of two functions is equal 
to the difference of their derivatives. 

(171.) To find the derivative of any power of a 
variable. 

Let X be the variable and af the power, and let ocf 
differ infinitely little from rr, the derivative of re" is then 



But 

And when a:'=a;, the value of this quotient is 

noT-^ 
for the derivative of a;". 

That is, the derivative of any power of a variable 
is found by multiplying by the exponent^ and dimin^ 
ishing the exponent by unity, 

(172.) The derivative of mx", when m is constant, 
is nmx'"'\ 

(173.) To find the derivative of any power of a 
function. 

Let the variable be 2;, the function u^ and the power 
tt' ; let x' differ infinitely little firom a;, and let v be 
the corresponding value of u. If U is the derivative 
of w, and U' that of w", we have 

t;" — u^ V — u 

U'=V-^ and U=-v-^. 
x'—x x'—x 
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t;"--w" 



But by Art. 171, =wm'^S 

which, multiplied by U= _ , gives 

v—u x'—x x'—x 
That is, the derivative of any power of a function is 
found by multiplying by the exponent and by the 
derivative of the function, and diminishing the ex- 
ponent by unity. 

Examples. 

1. What is the derivative of a;"+aaf*+ix"+ca:P? 

Ans. nx'^'+amx'^'+bnx''~'+cpx^\ 

2. What is the derivative of x* ? 

Ans. 4x". 

3. What is the derivative of {a+bxyi 

Ans. nb(a+bx)'^\ 
(174.) To find the derivative of the product of two 
functions. 

Let u and v be the functions, and U and V their 
derivatives ; then, since the derivative is the rate of 
change of the function to that of the variable, it is 
manifest that when the variable is increased by the 
infinitesimal A, that the functions will become 

• w+UA and v+VA. 
The product will therefore change from uv to 
(«+UA)(t;+VA), or w^;+^;UA+vVA+UVA^ 
and the increase of the product is 

t;UA+wVA+UVA^ 
the ratio of which to A is 

vU+wV+UVA, 
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or, neglecting the infinitesimal UVA, it becomes 

vV+uY. 
That is, the derivative of a product of two functions 
is equal to the sum of the two products obtained by 
multiplying each function by the derivative of the 
other function. 



SECTION IL 
GENERAL THEORY OF EQUATIONS. 

(175.) Any equation of the nth degree with one un- 
known quantity, when reduced, may be put under the 
form 

Ax"4-Bx'-*+Car-*+ . . . M=0 . (1) 

If we divide this equation by A, and represent the 
coefficients of the succeeding terms by a, 6, c, &c., m, 
it will become 

rB"+aaf-»+te"^+ . . . w=0 . . (2) 

(176.) If any root of this last equation be denoted 
by x'y the first member is divisible by x—x'. Dividing, 
we have 



qT'+x^ 
+a 



'\x'^+ x'^ 
+ax' 



rc"-*+, &c. 



+ax" 
+b +bx' 

+c 

The first term of the preceding quotient is a;°"\ and 
if the coefficients of a;°~*, a;°~', &c., be represented by 
a' J b', c'y &c., it becomes 

a;°~'+a'a;"+6V+, &c., 
and the equation (2) is 

(a;-x')(a;"~'+aV-'+6'x°-'+, &c.)=0, 
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which is satisfied either by making x=^x'j or by the 
roots of the equation 

a;"--*+a'ar^+6'ar-"+, &c.=0 . . (3) 
If we now suppose x" to be one of the roots of (3), 
we shall have 
a;^'+ a'x"^-^ b'x'^'-\; &c. = (x-x") (tT^ + a' V"' +, 

&c.)=0, 
which is satisfied by making 

x=-x" ; 
so that x" is a root of the given equation. 

In like manner, we may find the roots rc"^, x^^, rc^, 
&o., and the given equation may be reduced to the form 

(X'-X'){X-X"){X''X'"), &c.=0, 

in which the number of factors is the same with the 
degree of the equation ; and hence the number of roots 
of an equation is denoted by the degree of the equa- 
tion. That is, an equation of the second degree has 
two roots, one of the third degree has three roots, &c. 
All these roots, however, are not necessarily real or 
rational; they may be irrational, or even imaginary. 

EQUAL ROOTS. 

(177.) Some of the roots are often equal to each 
other, and then the number of unequal roots is less 
than the degree of the equation. 

The equation x"=a would appear to have but one 

root ; that is, 2;= Va, 

but the nth root of a must have n different values. 

Take the equation a:'=l, 
or a;"- 1=0. 

Now, as 1 is one value of x, the first member must 
be divisible by a:— 1 ; dividing by this factor, we have 
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a;»+a;+l=0. 
Whence, by the rule for equations of the second degree, 

x=i{-l+ V^ and a;=i(-l- V^. 
So we perceive that the three roots are 

a;=l, i(~l+ ^^ and U-l- V^=3). 
(178.) If the roots of the general equation of the 
third degree, x*+ax^'\-bx-hc=0, 
are denoted by x', x"j x'", we shall have 

x'+ax*+bx'{-c={X'-x') {x-x") {x-x"')=0, 
or x*'\-ax*+bx-hc=x*-{x''^x"'^3:"')x'''\-{x'x"+x'x''' 

+x"x''')x'-x'x''x'"=0. 
Whence a= - {x' -\-x" 4-a;'") 

6= (x'x" +x'x'" -^-x^'x' ") 



c=— xVx'". 



That is, the coefficient of x' is the negative of the sum 
of the roots, the coefficient of x is the sum of the prod- 
ucts of the roots multiplied together two and two, and 
the term which does not contain x is the negative of 
the continued product of the roots, 

(179.) It may be shown in the same manner that, 
in the equation 

a;'*+arc°-'+te"-'+C2;°-"+, &c.=0, 
the coefficient of x°"* is the sum of the roots taken 
with a negative sign; the coefficient of x°~* is the 
sum of the products of the roots taken two and two ; 
the coefficient o/x"~" is the negative of the sum of the 
products of the roots taken three and three; and so 
on, the last term being the product of the roots taken 
positively when n is an even number, and negative- 
ly when n is an odd number. 

(180.) To find the equal roots of an equation. 



GENERAL THEORY OF EQUATIONS. 249 

Let a;' be one of the equal roots which occurs n 
times as a root of the given equation, the first mem- 
ber of which is, therefore, divisible by {x—x'y. If X 
denotes the quotient, and Y is the derivative of X, we 
have (x-x'YX=0. 

The derivative of this first member is. Art, 174, 

n{x-x')'-'X'^{x-x'yY. 

The factor (x—x') occurs, then, (»— 1) times in this 
derivative of the first member ; that is, once less than 
it occurs in the first member itself. The greatest com- 
mon divisor of the first member and its derivative 
must, therefore, consist of the factors {x—x') of the 
first member, each being repeated once less than in the 
first member. No one of them is, then, a factor of the 
common divisor, unless it is more than once a factor 
of the first member, that is, unless it corresponds to 
one of the equal roots. Hence we obtain the following 

Rule. 
Find the greatest common divisor of the first mem- 
ber of the equation and its derivative ; equate this 
common divisor with zero, and the solution of this 
equation will give the roots required. 

Examples. 

1. Find all the roots of the equation 

a:'-9a;*+6x*4-15x'-12x'-7x+6=0 . (1) 
The derivative of this equation is 

7x*-45x*+24a;'+45a;»-24a;-7, 
the greatest common divisor of which and the given 
equation is 

x*-x*-x+l=0 .... (2) 
L2 
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We may consider this as a new equation, whose 
derivative is 3x'— 2x— 1, 

and the common divisor of this derivative and equa- 
tion (2) is X— 1 .'. X— 1=0, or x=l. 
Hence the first member of x"— re'— a;+l=0 must be 
divisible by (x— 1)' 

/. x»-x'-.x+l=(x-l)'(x+l)=0. 
The equal roots of the equation are, therefore, 

x=l and x=— 1. 
And the original equation is divisible by 

{x-iy{x+iy, 

and is found to be 

(x-l)*(x+l)'(x'+x-6)=0 ; 
.-. x'+x— 6=0, 
or x*+x=6. 

From which we have 

x=2, or x=— 3. 

2. Find all the roots of the equation 

x*-15x'+75x- 125=0. 

Ans, There are three roots, each =5. 

3. Find all the roots of the equation 

x*+12x'+54x''+108x+81=0. 

Ans, Four roots, each =—3. 

4. Find all the roots of the equation 

x'-7x'+16x-12=0. 

Ans. x=2, 2 and 3. 

REAL ROOTS. 

(181.) When an equation is reduced to the form 
Ax°+Bx"-»+Cx'^-'+ . . . +K=0, 
and the values of its member, obtained by the substi- 
tution of two different numbers for its unknown quan- 
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tity, are affected by contrary signs, the given equation 
must have a real root comprehended between these 
two numbers. 

For if the value of the less of the two numbers, 
which are substituted for the unknown quantity, is 
supposed to be increased by imperceptible degrees un- 
til it attains the value of the greater number, the value 
of the first member must also change by imperceptible 
degrees, and must pass through all the intermediate 
values between its two extreme values. But the ex- 
treme values are affected with opposite signs, so that 
zero must be contained between them, and must be 
one of the values of the first member ; that is, there 
must be a number which, substituted in the first 
member, reduces it to zero, and this number is con- 
sequently a root of the given equation. 

(182.) If the proposed equation has no real rootj 
the value of its first member will always be affected 
by the same sign, whatever numbers be substituted 
for the unknown quantity. 

(183.) When an uneven number of the real roots 
of an equation are comprehended between two num- 
bers, the values of its first memJber obtained, by sub- 
stituting these numbers for x, must be affected with 
opposite signs ; but if am, even number of roots is con- 
tained between them, the values obtained from this 
substitution must be affected with the same sign. 

For, denote by x*, x", x'", &c., all the roots of the 
given equation which are contained between the given 
numbers p and q ; the first member of the proposed 
equation must be divisible by 

(x^x!)(x—x") (x—x"% &o. 



252 ELEMENTS OF ALGEBRA. 

If we denote the quotient of this division by Q,, the 
equation Q,=0 

gives all the remaining roots of the given equation, so 
that Q,=0 

can not have any real root contained between p and q. 
The first member, therefore, being represented by 
(x-'X')(x-x!')(x-'X'") . . . xQ, 
becomes 

{p-x')(p-x")(p-x"') . . . XQ', 
when we substitute p for x, and denote the correspond- 
ing value of Q, by Q,' ; and when we substitute q for 
Xj and denote the corresponding value of Q, by Q,", it 
becomes 

{q-x'){q-x"){q-x'") . . . XQ,". 
The quotient of these two results is 

(p-'X')(p-x"){p-x'") . . . Q,' 
{q-x') (^-x'O (q-x"') . . . Q,"' 
which may be written 

p—x^ p—x*' p—x'" Q,' 

'^^'^'q^'^'qP^'^ • * * Q/^' 
Now, since each of the roots x\ x'\ x"\ &c., is in- 
cluded between p and q^ the numerator and denomin- 
ator of each of the fractions 

p—x' p—x" p—x'" 
q-x" q-x"' q-x'" 
must be affected with opposite signs, and therefore 
each of these fractions must be negative. 

But, since Q,' and Q," must have the same sign {Art. 
182), the fraction 

is positive. 
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The product of all these fractions is, therefore, posi- 
tive when the number of the fractions is even ; that is, 
when the rmmber of the roots x\ a;", x"\ &c., is even; 
and this product is negative when the number of these 
roots is uneven. The values which the first member 
of the given equation obtains by the substitution of jp 
and q for a;, must, therefore, be affected with contrary 
signs in the latter case, and with the same sign in 
the former case. 

(184.) Every equation of an uneven degree has at 
least one real root affected with a sign contrary to 
that of its last term^ and the number of all its roots 
is uneven. 

Let the equation be 

af+aa;°~*+te""'+ . . . m=0, 

in which n is uneven. 

1°. To prove that there is a real root, and that the 
number of real roots is uneven, every real root must 
be contained between +00 and —00. Now the substi- 
tution of a;=+oo gives the value of the first member, 

the first term of which is infinitely greater than any 
other term, or than the sum of all the other terms. 
The sign of this result is, therefore, positive. 

Again, the substitution of a;=— 00 gives, since n is 
uneven, 

— (xf+aoo°~''+6oo"~'+ . . . w, 

which may be shown, by the above reasoning, to be 
negative. 

The given equation must then have at least one real 
root, and the number of its real roots must be uneven. 
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2°. To prove that one, at least, of the real roots is 
affected with a sign contrary to that of the last term. 

The substitution of x=0 reduces the first member 
to its last term m. 

Comparing this with the above results, we see that 
if m is positive^ the given equation must have a real 
root contained between and — oo, that is, a negative 
root ; but if m is negative^ there must be a real root 
contained between and +oo, that is, a positive root, 
so that there must always be a root affected with a 
sign contrary to that of m. 

(185.) The number of real rootSj if there are any^ 
of an equation of an even degree must be even^ and 
if the last term is negative^ there must be at least two 
real roots, one positive and the other negative. 

Let the equation be 

x'+aar-*+6a;"-*+ca;"-"+ . . . w=0, 
in which n is even. 

1°. To prove that the number of real roots is even. 

The substitution of 2;= +00 gives, for the first mem- 
ber, 

oo°+aoo°"'6+oo°""'+CQo°""+ . . . m, 
which is positive. 

The substitution of 2;= — oo gives, for the first mem- 
ber, 

00°— aoo"""+6c}o°"^-CQo°~"+ . . . w, 
which is also positive. 

Hence, if the proposed equation has any real roots, 
there must be an even number of them. 

2°. To prove that when m is negative there must be 
two real roots, the one positive, the other negative. 

The substitution of a:=0 rotluoes the first member 
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to its last term w, and this result is, by hypothesis, 
negative. 

Comparing this with the above results, we see that 
there must be a real root between and +00, and also 
one between and — oo ; that is, the given equation 
has two real roots, the one positive, and the other 
n^[ative. 

(186.) The number of real positive roots of an equa* 
tion is even when its last term is positive, and un^ 
even when the last term is negative. 

The substitution of a; =00 gives, for the first mem- 
ber of the proposed equation, a positive result, while 
the substitution of 05=0 reduces the first member to 
its last term m. 

Hence, if this last term is positive, the number of 
real roots contained between and 00, that is, of posi- 
tive roots, must be even ; and if this last term is nega- 
tive, the number of these roots must be uneven. 

Sturm's theorem. 

(187.) Definition. — ^A pair of two successive signs, 
in a row of signs, is called a permanence when the two 
signs are alike, and a variation when they are unlike. 

(188.) Let the first member of the equation 

a;"+aaf-'+te"-'+, &c.=0 

be denoted by u, and its derivative by U. Find the 
greatest common divisor of u and U, and, in perform- 
ing this process, let the several remainders, after hav- 
ing changed their signs, be represented by 

Find the row of signs corresponding to the values of 
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w, U, U', U", U'", &c., 
for any value p of x, and also for any value q of x. 

Then the difference between the number of per- 
manences of the first row of signs and that of the 
second is exactly equal to the number of real roots of 
the proposed equation comprised between p and q. 

For the method by which U', U", fico., are obtain- 
ed gives at once, by denoting the successive quotients 
in the process by &, A:', &c., 

u =A:U -U', 

&c., &c. 
1°. Two successive terms of the series can not van- 
ish at the same time, except for a value of x which is 
one of the equal roots of the equation. For when U" 
and U^'^ for instance, are zero, the equation 

gives U'=0. 

And in like manner it is shown that 

U=0 and u=^0 ; 
so that the function and the derivative are both zero 
at the same time, which corresponds to the case of one 
of the equal roots of the equation {Art, 180). 

2°. If any term of the series, except the first and 
last, has a different sign in the row corresponding to 
the value p of the variable from that which it has in 
the row corresponding to the value q of the variable, 
it must vanish for some value of the variable contain- 
ed between p and q. But for this value of the varia- 
ble the preceding term must have a different sign 
from the succeeding term ; thus, when 
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the equation U'=A:"U''-U''' 

gives U'=-U'". 

By the change of sign which the term undergoes in 
vanishing, therefore, it can only change from forming 
a permanence with one of its adjacent terms to form- 
ing one with the other of these terms, and the change 
of sign of a term which is neither the first nor the 
last of the series does not increase or diminish the 
number of permanences of the row of the signs, 

3°. When the first term u of the series, in changing 
its sign, vanishes, while the second term U does not 
vcmish, the corresponding value of the variable is a 
root of the equation which is not one of the equal roots. 
Also, if the variable is decreasing in value, the signs 
of these two terms constitute a permanence before the 
change and a variation after the change. 

When the variable, therefore, in decreasing, passes 
through a value which is one of the unequal roots of 
the equation, the number of permanences in the row 
of signs is increased by unity, 

4°. When the proposed equation has no equal roots, 
u and U can have no common divisor, and therefore 
the last term of the series will not contain the variable ; 
it must, therefore, be of a constant value, and no change 
of sign can arise from it. 

In this case, then, the number of permanences must, 
by the foregoing division of the proof, be greater in 
the row which corresponds to the greater of the two 
limits p and q, than in the row which corresponds to 
the less of these two limits, by a number which is ex- 
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actly equal to the number of real roots contained be- 
tween p and q. 

(189.) If plus infinity is substituted for p, and 
negative infinity for q in the series of divisors^ the 
resulting rows of signs show at once the whole num- 
ber of real roots of the given equation. 

We shall now apply the theorem to a few 

Examples. 

1. Find the number of the roots of the equation 

a;'-4rc'-6a;+8=0. 
Here we have u= x"— 4x'— 6a;+8 

U=3x'-8x-6. 
Find now the greatest common measure of u and U; 
thus, multiplying w by 3, to avoid fractions, it becomes 



3a;»-12a;'-18x+24 
3a;'- 8a;'-- &x 



3a:'-8a;-6 



- 4a;'— 12a; +24 

- 4:^+^4- 8 



*-3 



3 

Multiplying by 3, the remainder becomes 

-68a;+48 ; 

.-. U'-68a;-48. 
Multiplying 3a;'=8a;— 6 by 68, it becomes 

204x'-544a;-408 



204a;*-544x-408 
204a;' -144a; 



68a;-48 



3a; 



-400a;-408 
The next remainder will be minus. 
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Henoe the series of functions are 

U = 3rc«-8a; -6 
U' =68x -48 
U"=+. 

Substitute for x^ in the leading terms of these func- 
tions, the values +cx) and — oo, and we shall have 

For a;= +cx) + + + + no variation ; 
2;=— cx) — I h three variations ; 

.-. 3— 0=3=the number of real roots in the equation. 

To find the initial figures of the roots, we must em- 
ploy narrower limits than +00 and — oo. Beginning 
at zero, let us extend the limits both ways ; and, since 
the proposed equation has only one permanence of 
sign, one of the roots is negative, and the remaining 
roots are positive. 

For x=0, we have the signs H h 2 variations ; 



x=l 




x=2 




x-Z 




X=4: 




x=5 




a;=6 





(( 



(( 



(( 



(( 



(( 



(( 



— ++1 
— ++ 1 
— ++ 1 
-+++ 1 

++++ 
++ + +0 

We perceive, then, by the column of variations, that 
one of the roots is between and 1, another between 
4 and 5. Hence and 4 are the initial figures of 
these two roots. 

If we substitute 

x=0, we shall have the signs H 1-2 variations ; 

x=-l « « " + + -+2 

rc=-2 « " " - + -+ 3 



(( 



(( 
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Hence the initial figure of the third root is —1, as 
it lies between —1 and —2. 

If x=l, the signs are h+ one variation ; 

a:=.9, " H h+ two variations. 

Henoe the initial figures of the roots are 

—1, .9 and 4. 

2. Find the roots of the equation 

a:»+lla;'-102x+181=0. 
The functions are, 

u = x'+lla;'-102a;+181 
U =3x«+22x-108 
U' =122x-393 
U"=+. 
The signs of the leading terms are aWplus, hence the 
substitution of — oo and +qo must give three real roots. 

Making a:=0 gives + + two variations ; 

x=^l " + + « « 

x=2 " + + " " 

x=3 " + + " " 

x=4: " + + + + no variation. 
Hence the two positive roots are between 3 and 4. 

3. Find the number of real roots of the equation 

x'+x''-x'+2x+i=0. 
Here the functions are, 

u = x*+ x*'-x' — 2a;+4 
U =4x*+3x''-2x-2 
U' = x'+2x -6 
V"=-x+l 

Let x=+oo,the signs are ++H h 2 variations; 

x=-oD, " " H — + + +2 " 

Hence all the roots of the equation are imaginary. 
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4. Required the number of real roots of the equation 

2a;*-llx'+8a;-16=0. 
Ans. Two real roots, one positive, the other negative. 
The initial figures of the real roots are 2 and —2. 

FIFTH METHOD OF ELIMINATION, CALLED ELIMINATION BY 
THE METHOD OF THE GREATEST COMMON DIVISOR. 

(190.) If we transpose all the terms in each equa- 
tion to the first member of the same, we shall have 
zero as the second member. 

If, after having arranged the terms according to the 
powers of the quantity to be eliminated, we divide the 
first member of one equation by the first member of 
the second, the remainder arising from this division 
must be equal to zero ; for this remainder is the dif- 
ference between the dividend and a certain multiplier 
of the divisor, that is, between zero and a certain mul- 
tiple of zero. Hence, 

Divide one of these first members by the other ^ and 
proceed in the same manner as that to obtain the 
greatest common divisor; each successive remainder 
may be put equal to zero. But a remainder will at 
last be obtained which does not contain the quantity 
to be eliminated^ and the equation formed from plac- 
ing this remainder equal zero is the equation re- 
quired. 

If there are more than two equations^ the same pro^ 
cess is to be observed, until there is but one equation 
containing but one unknown quantity. 

Examples. 
1. Eliminate x from the equations 
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x*+y«-a;-y-78=0 . . . . (1) 
rry+a;+y-39=0 .... (2) 
The first equation can be written 

a:(a;-l)+y(y-l)-78=0 ... (3) 
and the second x{y+l)+{y-39)=0 ... (4) 
Multiply (3) by (y+1), and we have 

x(x-l) (y+l)+y(y«-l)-78(y+l)=0. 
Divide this first member by the first member of (4), 
and we shall have 

a;(y+l)+(y-39) 



x{x-l) (y+l)+y(y«-l)-.78(y+l) 

x{x-l) {y+l)+{x-l) (y-39) | (a;-l)= quotient. 

Rem.= -{x-1) (y-39)+y(y«-l)-78(y+l)=0. 

Or, by actually multiplying — (rc+1) by (y--39) 
and reducmg, we have 

-2:(y-39)+(y-39)+y(y'-l)-78(y+l)=0 . (5) 

Multiplying (5) by (y+1), it becomes 
-a:(y-39) (y+1) + (y-39) (y + 1) + PitT-l) {y + 1) 
-78(y+l)'=0 (6) 

Dividing (6) by (4), we shall have 

— a:(y— 39) (y-|-l)-|-(y— 39) (y-f-l)-f-y(y>— 1) (y+l)— 78{y-|-l)» 



— a;(y— 39) (y-|-i)— {y_39)a 



a;(y+l)+{y--39)=divUor. 



— (y — 39)=quotient. 



Eem.= (y— 39)>-|-(y— 39) (y-|-l)4.y(ya— 1) (y+l)— 78(y+l)»=:0. 

Expanding and reducing, this becomes 
y*+y«-77y'-273y+1404=0, 
the equation required. 

2. Eliminate x from the equations 

x«+y'=13, 
a; +y = 5. 

Ans. y*— 5y+6=0. 

3. Eliminate a; from the equations 

a;"+a;' +a:y=3. 
ilw5. y-l=0, or ^'-3^+21=0. 
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4. Find the value of x and y in the equations 

rc"y— x"+x=3, 

xy{x^y+l)—x^+x=^^. 
The elimination of a? gives 3y— 3=0, or y=l. 

Ans, a;=3. 

(191.) To transform an equation into another whose 
roots shall be the roots of the proposed equation in- 
creased or diminished by any given quantity. 

Let aaf*+A,x'^'+Aaa;°-+. . . K^.x+K'^O be the 
equation which it is required to transform into another 
whose roots shall be the roots of this equation dimin- 
ished by r. 

If we write y+r for x in the given equation, it will 
be an equation of the same dimensions, and its form 
will evidently be 

at-\'B,y'^'+B^y^'+ . . . B„.iy+B„=0 . (1) 
in which Bj, B,, &c., will be polynomials involving r. 
But y=x— r, and therefore the above becomes 

a(x-r)°+B,(a;-r)-"+...B_i(a;-r)+B„=0 . (2) 
which, when developed, must be identical with the 
given equation. Hence 
a(a;-r)°+Bi(x-r)'^'+ ... B^i(a;-r)+B =arc°+AiX'^* 

Now if we divide the first member by a;— r, every 
term will evidently be divisible except the last B„, 
which will be the remainder, and the quotient will be 

a{x-rY''+B,{x-ry-'+ . . . B„_«(x^r)+B_^; 
and since the second member is identical with the first, 
the same quotient and remainder would arise by di- 
viding this second member also by x—r; hence it ap- 
pears that if the first member of the original equation 
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be divided by re— r, the remednder will be the last or 
absolute term of the transformed equation required. 

Again, if we divide the quotient thus obtained by 
x—r, the remainder will obviously be B^j, the coef- 
ficient of the term last but one in the transformed 
equation; and thus, by successive divisions of the 
polynomial in the first member of the given equation 
by re— r, we shall obtain the whole of the coefficients 
of the required equation. 

The labor of dividing may be greatly reduced by 
Horner^ s Synthetic Method of division. Thus, 

Ex. 1. Transform the equation 

into another whose roots shall be less than those of the 
proposed equation by 2. 

Here the coefficients are, 



i I I i ^g 

^ o O O "^ 

■S TS -d ^ JS-S 

iH C<J CO t}< oj 

5-12+3+4-5(2 
10 -4-2 4 

-2 -1 2 -1 ■ • 
10 16 30 



B. = -l 



8 15 32 •'• ^'-^^ 

10 36 

18 51 ■'* ^'-^^ 



B,=28; 



10 

28 

.-. 5y*+283^+5l3^'+32y-l=0 
is the transformed equation. 
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Note, — ^When there is a term absent in the eqaa- 
tion, its place must be supplied with a cipher. 
Ex. 2. Transform the equation 

a;*-4a;»-8a;+32=0 
to another whose roots shall be less by 2. 

This equation has no term containing a;', therefore 
the coefficient of x* must be taken =0. 
1 -4 +0 - 8 +32 (2 
2-4-8 -32 



-2-4-16 
2-0-8 



0-3-24 •• ^ 

2+4 



B,=0 



B, = -24 



B,=0 



B,=4; 



2 

2 

4 

/. y*+4y'-24y=0 
is the transformed equation. 

Ex. 3. Transform the equation 

a;*-3a;»-15a;'+49a:-12=0 
into another whose roots shall be less by 3. 

Ans. y*+9y»+12y'-14y=0. 

(192.) Horner's Method of resolving Numerical 
Equations of all Degrees. 

Rule. 

1. Find the value of the first figure of the root by 
Sturm^s Theorem, 

2. Transform the equation into another whose roots 
shall be less than those of the proposed equation by 
the first figure already obtained, 

M 
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3. Divide the absolute tenn of the transformed 
equation by the coefficient of the first power of the 
unknown quantity for the second figure of the root. 

4. Transform the last equation into another whose 
roots shall be lesSj by the value of the last figure de- 
termined. Proceed in this manner until the whole 
root is determined^ or until the approximation is car- 
ried sufficiently far, 

5. To find negative roots j change the signs of the 
alternate terms, and proceed as for a positive root. 

The work may be consideratly abridged in the fol- 
lowing manner. 

1. Let the absolute term constitute the second mem- 
ber of the equation, and take the algebraic difference 
Df it and the number placed under it. 

2. Omit writing out the transformed equations. 
There is a difficulty of obtaining the second figure of 
the root, but after this there is seldom any further un- 
certainty. 

Examples. 
1. Find a root of the equation 

We find that one root lies between 3 and 4. 
1 -1 +70 =+300(3 



+3+6 


+228 


2 76 


72 


3 15 




5 91 




8 




8 





Z?-7 
91~ • 
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1 + 8 + 91= +72 (.7 
+ .7 + 6.09 +67.963 

8.7 97.09 4.037 
.7 6.58 



9.4 103.67 



.7 
10.1 


4-^3''- 03 
103.67 ~ 


1. +10.1 +103.67 


= +4.037 (.03 


+ .03 + .3039 


+3.119217 


10.13 103.9739 


.917783 


.03 .3048 




10.16 104.2787 




3 
10.19 


•917783_ 
104.2787 ~-^°- 



.'. One root of the equation is 3.738. 
2. Find the roots of the equation 

a;'+lla;'-102a;+181=0. 
We find that 3 is the first figure of one of the roots. 
1 +11 -102 =-181(3 
+ 3+42 -180 



14- 
3 + 


60 - l=lst dividend. 

51 1_^ 

9= 1st divisor. 9 

We shall find the second 


17 - 
3 


20 


figure to be .2, and not .1. 


1 +20 - 
.2 


-9 =-1 (.2 
4.04 -.992 


20.2- 
.2 


-4.96 -.008=2d dividend. 
4.08 


20.4 
.2 

20.6 


- .88— 2d divisor. 

•^^= 01 
.88 •"^- 
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1+20.6 -.88 =-.008 (.01 

m +.2061 -.006739 

20.61 -.6739 .00i261=3d dividend. 
.01 .2062 



20.62 .4677=3d divisor. 

.01 .001261 



=.003. 



20.63 .4677 

.*. One root is 3.213. 
The other roots may be found in the same manner. 

3. Find an approximate root of the equation 

a;'+22;'-23x-70=0. 

Ans. 35=5.1345+. 

4. Find an approximate root of the equation 

a;*+32;^+5a:-178=0. 

Ans. a;=4.538. 
Generally, let x^+ax^-^-bx^c be any equation of 
the third degree, r the first figure of one of the roots. 
Transform the equation into another whose roots shall 
be less by r ; thus. 



l+a +6 

r (a+r)r 
a+r 6+(a+r)r 

r (a+2r)r 
a+2r 2ar+3r'+6 


=c (r 
6r+(a+r)r^ 
c—br—{a']'r)r'* 


r 





a+Sr 
The transformed equation is, therefore, 
y'+(a+3ry+(2ar+3r'+%=c-6r-(a+r)r'. 
If we now put (a+3)r=a', (2ar+3r"+6)=6', and 
c— 6r— (a+r)r'=c', we shall have 

y'+aY+b'y=c', 
an equation similar to the original equation. 
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If we transform this equation into another whose 
roots shall be less by r', we shall have 

z''\'{a'+3r')z''\-(2a'r'+Sr"+b')z^c", 
or z'+a"z'+b"z=c", 

an equation also similar to the original equation. 
Thus we may proceed, forming new equations all simi- 
lar to the first, whose roots are constantly diminishing 
in value. 

From the first transformation, we have 



From the second. 



c' 



r^= ;/ ; , o . — rTT7 nearly. 



From the third, when carried out, 



The denominators of these fractions are complete 
divisors, and the quantities &', b" are trial divisors. 
The farther we proceed, the nearer will the trial divi- 
sor agree with the true divisors. 

Find one of the roots of the equation 

a;*-8a;'+14a;''+4:c=8. 

We find that one root lies between 5 and 6. 

1 -8 +14 +4= 8(5=r 
5-15 - 5 =-5 



-3- 


- 1 ■ 


- 1 


13= 


=c'=lst dividend. 






6 


10 


45 










2" 


9 


44= 


:1st divisor. 






6 


35 












7 


44 












5 








13 






12 








44~ 


.2= 


=r'. 
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1+12 +44 +44 =13 (.2=?^ 

.2 2.44 9.288 10.6576 

12.2 46.44 53.288 2.3424=c"=2d dividend. 
.2 2.48 9.784 



12.4 48.92 63.072= 2d divisor. 

.2 2.52 

12.6 61.44 

.2 2.3424 



=.03=r". 



12.8 63.072 

1+12.8 +51.44 +63.072 =2.3424 (.03=r" 

m .3849 1.554747 1.9388024 1 

12.83 51.8249 64.626747 .40359759=c"' = 3d 
.03 .3858 1.566321 [dividend. 



12.86 52.2107 66.193068=3d divisor. 

.-. a;=5.236. 66.193068 ' 

The work may be considerably abridged by perform- 
ing the additions at once, and continuing the process 
without bringing down the transformations. It would 
stand thus, 

+4 =8(5.236 

-1 -5_ 

+44 13 

53.288 10.6576 

63.072 2.3424 

64.626747 1.93880241 

66.193068 .40359759 
66.509117736 



1-8 


+14 


-3 


- 1 


+2 


+ 9 


7 


44 


12.2 


46.44 


12.4 


48.92 


12.6 


51.44 


12.83 


51.8249 


12.86 





QUESTIONS FOR ORAL EXAMINATION. 

What is Algebra 1 How do you explain the signs plus and minus 1 
What is a coefficient ? What is an exponent 1 What is the power 
of a quantity 1 What is the root of a quantity 1 What is the index 
of the root 1 What is the reciprocal of a quantity 1 What is a mo- 
nomial 1 What, a polynomial 1 What, a binomial 1 What, a trino- 
mial? What is the numerical value of a polynomial? What are 
additive terms 1 What, subtractive 1 What does each literal factor 
constitute ? What constitutes a degree 1 How is the degree determ- 
ined 1 When is a polynomial homogeneous ? What is the use of 
the parenthesis 1 When is the vinculum placed under the polyno- 
mial 1 What are similar terms ? What is the rule for reduction of 
similar terms 1 What is Addition 1 What is the rule for Addition ? 
How may quantities with literal coefficients be added 1 What is Sub- 
traction? Give the rule. When the sign before a polynomial in- 
closed in a parenthesis is minus, and the parenthesis is taken away, 
what is to be dcme 1 Do addition and subtraction in Algebra always 
mean increase and diminution 1 Give an example in each. What is 
the rule for multiplication of monomials ? What, for the multiplica- 
tion of a polynomial by a monomial ? What is the rule for the mul- 
tiplication of polynomials ? If the factors are homogeneous, what will 
their product be 1 What the degree of each term ? What is the 
square of the sum of two quantities 1 What is the square of the dif- 
ference of two quantities 1 What is the difference of the squares of 
two quantities equal to ? What is Division 1 What is the rule foi 
the division of monomials 1 What is a to the exponent zero equal to ^ 
How may a factor be taken from the numerator into the denominator? 
Rule for the division of polynomials. How may a polynomial some- 
times be factored ? The difference of the same powers of any two 
quantities is always divisible by what ? The difference of two even 
powers of the same degree is divisible by what ? The sum of two 
odd powers is divisible by what ? What is the form of an even num- 
ber? What, of an odd number? What is said of algebraic frac- 
tions ? What are the three prmciples in regard to fractions ? How 
do you reduce a fraction to its simplest form ? What is the greatest 
common measure of two or more quantities ? How do you find the 



272 QUESTIONS. 

greatest common measure 1 How do you reduce a mixed quantity 
to the form of a fraction T What is a mixed quantity 1 How do you 
reduce a fraction to an entire or mixed quantity ! How do you find 
the least common multiple of two or more quantities 1 How do you 
reduce fractions to the least common denominator 1 How do you 
add fractional quantities 1 How do you subtract one fractional quan- 
tity from another 1 Give the rule for multiplication of fractions. For 
division. 

What is an equation 1 Of what does it consist 1 What is the dif- 
ference between a member and a termi What is an identical equa- 
tion 1 When is an equation verified] How are equations divided 1 
What is an equation of the first degree 1 What is a mnnerical equa- 
tion? What, a literal equation 1 On what are founded the different 
transformations of equations 1 How is a term transposed 1 When a 
fractional term is preceded by the sign mimis, and the fraction is made 
entire, what is done with the numerator % How is an equation cleared 
of fractions 1 Give the rule for solving an equation of the first de- 
gree containing but one unknown quantity. How may a proportion 
be converted into an equation 1 What does every problem include in 
its enunciation 1 How do you form an equation 1 What is elimina- 
tion 1 How many diflTerent methods of elimination 1 What are they 1 
What is the rule for elimination by addition or subtraction 1 By sub- 
stitution 1 By comparison 1 By an indeterminate multiplier 1 Sup- 
pose we have m equations containing m unknown quantities, how 
will you eliminate them 1 What is the usual method of solving prob- 
lems of the first degree involving more than one unknown quantity 1 
What does a negative value show 1 Discuss the problem of the two 
pedestrians. If m is less than w, what is the value of tl If m is 
greater than w, what is the value of / 1 Explain it. If m is equal 
to w, what is the value of 1 1 Interpret it. If a is equal to zero and 
m=n, interpret it. Is zero divided by zero always indeterminate 1 
Give an example. 

What is an inequality! Repeat the different transformations. 
What is the square root of a number 1 How may every number be 
regarded 1 The square of a number composed of tens and units con- 
sists of what 1 Rule for extracting the square root of numbers. The 
difference of the squares of two consecutive nmnbers is equal to 
what 1 How do you extract the square root of a number that is not 
a perfect square to within a given fraction 1 

What are the powers of a quantity! How do you square a mo- 
nomial 1 How do you raise a monomial to any power! A polyno- 
mial 1 What is the square of any polynomial^ 
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What is the square root of an algebraic quantity ? How do you 
extract the square root of a monomial 1 The root of a fraction 1 
When is a monomial a perfect square 1 What is the even root of a 
negative quantity 1 What is a radical of the second degree 1 The 
product of the square roots of any number of factors is equal to what? 
What is the coefficient of a radical 1 How do you simpUfy a radical 
of the second degree 1 What are similar radicals 1 How do you add 
or subtract similar radicals 1 What is the product of two radicals of 
the second degree equal to 1 What is the quotient 1 How do you 
pass the coefficient of a radical under the radical sign 1 What is the 
object of this transformation 1 How is the binomial denominator of 
a surd fraction made rational 1 Give the rule for extracting the square 
root of a polynomial. How do you raise a radical to any power 1 
How do you reduce radicals to a common index 1 When is a poly- 
nomial an imperfect square 1 When is a binomial a perfect square 1 
When, a trinomiall How do you extract the root of a trinomial 
which is a perfect square 1 How do you simpUfy a polynomial that 
is not a perfect square *? Give the rule for extracting the nth root 
of a polynomial. 

What is an equation of the first degree 1 Of the second degree 1 
How are equations of the second degree divided 1 What is a com- 
plete equation of the second degree 1 An incomplete 1 What is the 
form of an incomplete equation 1 What is it sometimes called 1 What 
is said of the roots of an incomplete equation 1 Give the rule for the 
solution of an incomplete equation. When the equation is reduced 



m 



to the form x » =a. Wliat is the form of a complete equation of the 

second degree 1 How do you solve a complete equation of the sec- 
ond degree 1 WTiat is the first value of the unknown quantity 1 
What the second 1 To what is the rule just given equally applica- 
We 1 How many roots does an equation have 1 

What is an arithmetical progression 1 "What is the last term of an 
increasing series 1 Decreasing series 1 What is the sum of the 
terms 1 What is a geometrical progression 1 What is the constant 
multiplier called 1 When is the series an increasing one 1 When 
a decreasing one 1 How do you find the sum of an increasing geo- 
metrical series 1 The sum of any geometrical series 1 The sum of 
an infinite number of terms of a decreasing series 1 How do you find 
any number of geometrical means between two numbers 1 How do 
you find the ratio 1 What are permutations '? How do you find the 
number of permutations of n quantities taken two and two 1 Taken 
three and three 1 Taken m and m together 1 What are combina- 

M2 
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tions 1 How do you find the number of combinations of n quantities 
taken m and m together 1 What are the coefficients of a binomial 1 
What is the sum of the coefficients of the nth power of a binomial 
equal to 1 What is the relation of the coefficients of the two middle 
terms 1 Of those equally distant from the two extremes 1 What are 
the teims without the coefficients 1 How is the coefficient of any 
term found 1 On what does the principle of indeterminate coefficients 
consist 1 Give the rule for converting an algebraic expression into 
a series, by means of indeterminate coefficients. What is the form- 
ula for the summation of an infinite series 1 

What is a continued fraction 1 What are approximating fractions ? 
Why are they so called 1 How do you find the ninnerator of the nth 
approximating fraction? Denominator'? How do you convert an 
irreducible fraction into a contini^ed fraction 1 What are logarithms'! 
The logarithm of any number 1 How many systems of logarithms 
may there be for the same number 1 What is the bgarithm of 1 in 
any system 1 What is the logarithm of the product of two or more 
factors 1 How is the mth power of a number obtained by logarithms 1 
What is the logarithm of a fraction 1 How is the nth root of a num- 
ber obtained by logarithms 1 The series for the logarithm of any 
number is composed of how many factors 1 Which is called the 
modulus 1 How are the logarithms of the same number taken in two 
different systems to each other 1 If you have the Naperian logarithm 
of a number, how would you find the logarithm of the same number 
in another system 1 The common logarithm divided by the modulus 
will give whatl What are exponential equations'! 

What is a function 1 What is the derivative of a function 1 The 
derivative of the sum of two functions is equal to whatl The deriv- 
ative of the difference of two functions is equal to what 1 How do 
you find the derivative of any power of a variable 1 Of a function 1 
Of the product of two functions 1 What is the general form of an 
equation of nth degree containing but one unknown quantity 1 By 
what is the number of roots of an equation denoted 1 What is the 
coefficient of x^ in the general equation of the third degree 1 Of x ? 
The term which does not contain x 1 Apply this to the equation of 
the nth degree. How do you find the equal roots of an equation 1 
If the equation has no re£il root *? When an uneven number of the 
real roots of an equation are comprehended between two numbers, 
what then 1 If an even number 1 What is said of equations of an 
uneven degree ! Of an even degree 1 The number of real positive 
roots 1 What constitutes a permanence 1 What a variation 1 How 
is the number of real roots found by Sturm's theorem % What two 
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characters, being substituted in the series of functions, will show at 
once the number of real roots 1 What is the fifth method of elimin- 
ation 1 Give the rule. Give the rule for Homer's method of solv- 
ing ninnerical eqi^tions of any degree. 



THE END. 
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Comprising Elementary Rules and Exercises in DeclamatioDy 
with a Selection of Pieces for Practice. 12mo, Muslin, 60 
cents ; half Bound, 70 cents. 

Harper's New York Class-book. 

Comprising Outlines of the Geography and History of New 
York ; Biographical Notices of eminent Individuals ; Sketches ' 
■ of Sctnery and Natural History ; Accounts of Public Institu- 
tions, <&c. By William Russell. 12mo, half Sheep, $1 26. 

Harper's Map of the United States and Canada, 

Showing the Canals, Rail-roads, and principal Stage Routes. 
By Samuel Brebse, A.M. Colored in various Styles and 
mounted on Rollers. Price from $2 00 to $2 50. 

Morse's North American Atlas. 

Containing 36 Folio Maps in Colors, forming a complete Atlas 
of this Continent. Half Roan, $2 75. 

Morse's School Geography. 

Illustrated by more than 50 Cerographic Maps, and numerous 
Engravings on Wood. 4to, 50 cents. 

Salkeld's First Book in Spanish ; 

Or, a practical Introduction to the Study of the Spanish Lan- 
guage. Containing full Instructions in Pronunciation, a Gram- 
mar, Reading Lessons, and a Vocabulary. 12mo, Muslin, 
91 00 ; Sheep extra, $1 25. 

Salkeld's Roman and Grecian Antiquities, 

Including a Sketch of Ancient Mythology. With Maps, dtc 
12mo, Muslin, 37^ cents. 

DuflF's North American Accountant. 

Embracing Single and Double Entry Book-keeping, practically 
Adapted to the Inland and Maritime Commerce of the United 
States. 8vo, half Bound, School Edition, 75 cents ; Mercan- 
tile Edition, $1 50. 

Bennet's American System of Book-keeping. 

Adapted to the Commerce of the United States in its Domestio 
and Foreign Relations. 8vo, half Bound, $1 50. 

Edwards's Book-keeper's Atlas. 

4to, half Roan, $2 00. 

Burke's Essay on the Sublime and Beautiful. 

A Philosophical Inquiry into the Origin of our Ideas of the Sub- 
lime and Beautiful. With an introductory Discourse concern- 
ing Taste. Edited by K. Mills. 12mo, Mbslin, 75 cents. 

Alison on the Natuxe and Principles of Taste. 

With Corrections and ImproYements, by Assaham Millp 
l9ino, Muslin, 76 oents. 
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Potter's Political Economy. 

Ita Objects, Uses, and Principles ; considered with reference 
to the Condition of the American People. With a Sammary 
for the Use of Students. 18mo, half Sheep, 60 cents. 

Potter's Science Applied to the Arts, &c. 

The Principles of Science applied to the Domestic and Mechan- 
ic Arts, aad to Manufactures and Agriculture. With lUostra- 
tive Cuts. 12mo, Muslin, 75 cents. 

Potter's Hand-book for Readers and Students, 

Intended to assist private Individuals, Associations, School 
Districts, &c., in the Selection of useful and interesting Worka 
for Reading and Investigation. 18mo, Muslin, 46 cents. 

Maury's Principles of Eloquence. 

With an Introduction, by Rev. Dr. Potter. 18mo, Maslin, 
46 cents ; half Bound, 60 cents. 

Lieber's Essays on Property and Labor, 

As connected with Natural Law and the Constitution of Soci« 
ety. Edited by Rev. Dr. Pottbb. 18mo, Muslin, 46 cents. 

Paley's Natural Theology. 

With illustrative Notes, &c., by Lord Brouoham and Sir C. 
Bkll, and preliminairy Observations and Notes, by A. Potter, 
D.D. With Engravings. 2 vols. 18mo, Muslin, 90 cents. 

Paley's Natural Theology. 

A new Edition, from large Type, edited by D. E. Bartlbtt 
Copiously Illustrated, and a Life and Portrait of the Author 
2 vols. 12nio, Muslin, $1 60. 

Mahan's System of Intellectual Philosophy. 

12mo, Muslin, 90 cents. 

Henry's Epitome of the History of Philosophy 

Being the Work adopted by the University of Prance for If 
struction in the Colleges and High Schools. Translated, wit> 
Additions, and a Continuation of the History, by C. S. Henry, 
D.D. 2 vols. 18mo, Muslin, or in 1 vol., half Bound, 90 cents. 

Sohmucker's Psychology ; 

Or, Elements of a new System of Mental Philosophy, on the 
Basis of Consciousness and Common Sense. 12mo, Muslin 
91 00. 

Griscom's Animal Mechanism and Physiology 

Being a plain and familiar Exposition of the Structure am 
Functions of the Human System. With Engravings. 18mo 
Muslin, 45 cents ; half Sheep, 50 cents. 

Olmstead's Letters on Astronomy^ 

Addressed to a Lady. With numeroas ^ngravinga. Itmu^ 
Muslin, 75 cents. 
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Combe's Principles of Physiology, 

Applied to the Preservation of Health, and the Improvement of 
Physical and Mental Education. Wiih Questions. Engrav- 
ings. 18mo, Muslin, 45 cents ; half Sheep, 50 cents. 

Noel and Chapsal's French Grammar. 

With Additions, &c., hy Sarah E. Seaman. Revised by 0. P. 
BoRDBNAVB. 12mo, Musilo, 75 cents. 

HempeFs Grammar of the German Language. 

Arranged into a new System on the Principle of Induction. 3 
vols. 13mo, half Bound, $1 75. 

Glass's Life of Washington, 

In Latin Prose. Editea by J. N. Rbynolds. With a Portrait. 
12mo, Muslin, $1 12^. 

Cicero's Three Dialogues on the Orator. 

Translated into English by W. Guthrie. Revised and cor 
rected, with Notes. l8mo, Muslin, 45 cents. 

Whewell's Elements of Morality, including 

Polity. 2 vols. 12mo, Muslin, $1 00. 

Beecher's (Miss) Treatise on Domestic Econ- 
omy, for the Use of Young Ladies at Home and at School. 
Revised Edition^ with numerous Additions and illustrative En- 
gravings. 12mo, Muslin, 75 cents. 

Hazen's Popular Technology ; 

Or, Professions and Trades. Illustrated with 81 Engravings. 
ISmo, half Sheep, 75 cents. 

Lee's Elements of Geology for Popular Use. 

Containing a Description of the Geological Formations and 
Mineral I^sources of the United States. With EngraviQg«. 
18mo, kalf Sheep, 60 cents. 

Blackstone's Commentaries on the Laws of 

England. With the last Corrections of the Author, and Notes 
from the Twenty-first London Edition. With copious Notes 
explaining the Changes in the Law efibcted by Decision or 
Statute down to 1844. Together with Notes adapting the 
Work to the American Student, by John L. Wendell, Esq. 
With a Memoir of the Author. 4 vols. 8vo, Sheep extra, $7 00. 

Dymond's Essays on the Principles of Morality, 

And on the Private and Political Rights and Obligations of Man- 
kind. With a Preface and Notes, by Rev. G. Bush. Svo, Mus- 
lin, ei 37i. 

Montgomery's Lectures on General Literature, 

Poetry, &c., with a Retrospect of Literature, and a View ol 
<nodern English liUerature. 18mo, Muslin, 45 cents. 
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Hutton's Book of Nature laid Open. 

Revised and improved by J. L. Blakb, D.D. With QaestioM 
for Schools. ISmo, MusHd, 37i cents. 

Johnson's Treatise on Language; 

Or, the Relations which Words bear to Things. Svo, Mnsliiv 
$1 75. 

Story on the Constitution of the United States. 

A familiar Exposition q{ the Constitution of the United States 
With an Appendix, containing important Pablic Documents il* 
lustrative of the Constitution. 12mo, Muslin, 76 cents. 

Duer's Constitutional Jurisprudence of the 

United States. 18mo, Muslin, 45 cents. 

Wyatt's Manual of Conchology, 

According to the System laid down by Lamarck, with the late 
Improvements by De Blainville. Exemplified and arranged for 
the Use of Students, by Thomas Wyatt, M.A. Illustrated 
with 36 Plates, containing more than 200 Types drawn from 
the Natural Shell. 8vo, Muslin, 92 75 ; colored Plates, $8 00. 

Chailly's Practical Treatise on Midwifery. 

Translated from the French, and edited by G. S. Bedford, 
M D. With 216 Engravings. 8vo, Muslin, $2 00 ; Sheep ex- 
tra, $2 25. 

Cruveilhier's Anatomy of the Human Body. 

Edited by G. S. Pattison, M.D. With 300 Engiavings. 8vo, 
Muslin, $3 00 ; Sheep extra, $3 25. 

Magendie's Treatise on Human Physiology, 

On the Basis of the Precis Elementaire de Physiologic. Trans- 
lated, enlarged, and illustrated with Diagrams and Cuts. Es- 
pecially designed for the Use of Students of Medicine. By J. 
Revere, M.D. 8vo, Muslin, $2 00 ; Sheep extra, $2 25. 

Paine's Institutes or Philosophy of Medicine, 

8vo, Muslin, $2 75 ; Sheep extra, $3 00. 

♦<>♦ A number of works not included in the above list, which arefr€» 
fuently used as text or reading hooks^ may he found under other divi' 
turns of the Catalogue of the Publishers. Any of their issues may bi 
abtained at wholesale at liberal deductions from the retail prices. 

For School or Academic Libraries, the Publishers recommend tk^n 
School District Library , which has met the cordial approbation oftk§ 
wtost distinguished friends of education^in the country. It may be oh- 
kUned entire^ in 295 volumes, half bound, for $114; or any seUdiom 
will be supplied at 38 cents per volume. 



